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ANGLED CRESTED TYPE WATER WAVES WITH SURFACE TENSION II:
ZERO SURFACE TENSION LIMIT
SIDDHANT AGRAWAL
Abstract. This is the second paper in a series of papers analyzing angled crested type water
waves with surface tension. We consider the 2D capillary gravity water wave equation and assume
that the fluid is inviscid, incompressible, irrotational and the air density is zero. In the first paper
[1] we constructed a weighted energy which generalizes the energy of Kinsey and Wu [22] to the
case of non-zero surface tension, and proved a local wellposedness result. In this paper we prove
that under a suitable scaling regime, the zero surface tension limit of these solutions with surface
tension are solutions to the gravity water wave equation which includes waves with angled crests.
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1. Introduction
This is the second paper in a series of papers analyzing angled crested type water waves with
surface tension. As in the first paper we will identify 2D vectors with complex numbers. We consider
a 2D fluid which we assume to be inviscid, incompressible and irrotational and the fluid is subject
to a uniform gravitational field −i acting in the downward direction. The fluid domain Ω(t) and
the air region are separated by an interface Σ(t) which we assume to be homeomorphic to R and
which tends to the real line at infinity. We do not assume that the interface is a graph. The air and
the fluid are assumed to have constant densities of 0 and 1 respectively. The fluid is below the air
region and its motion is governed by the Euler equation
vt + (v.∇)v = −i−∇P on Ω(t)
div v = 0, curl v = 0 on Ω(t)
(1)
along with the boundary conditions
P = −σ∂sθ on Σ(t)
(1,v) is tangent to the free surface (t,Σ(t))
v → 0,∇P → −i as |(x, y)| → ∞
(2)
Here θ = angle the interface makes with the x− axis, ∂s = arc length derivative, σ = coefficient of
surface tension ≥ 0.
The earliest results on local well-posedness for the Cauchy problem are for small data in 2D and
were obtained by Nalimov [26], Yoshihara [37, 38] and Craig [17]. In the case of zero surface tension,
Wu [33, 34] obtained the proof of local well-posedness for arbitrary data in Sobolev spaces. This
result has been extended in various directions, see the works in [15, 24, 23, 39, 14, 7, 20, 8, 19, 18, 3, 5,
4]. In the case of non-zero surface tension, the local well-posedness of the equation in Sobolev spaces
was established by Beyer and Gunther in [12]. See also related works in [21, 9, 29, 16, 32, 6, 13, 27].
The zero surface tension limit of the water wave equation in Sobolev spaces was proved by Ambrose
and Masmoudi [10, 11]. See also the works in [28, 31, 25, 13, 30].
All of the above results are for interfaces with regularity at least C1,α for some α > 0. In an
important work Kinsey and Wu [22] proved an apriori estimate for angled crested water waves in
the case of zero surface tension. Using this Wu [36] proved a local wellposedness result which allows
for angled crested interfaces as initial data. In [2] the author proved that these singular solutions
are rigid and in particular the angle of the corner does not change with time.
In the first part of this series of papers [1], we took the first step in extending this theory of angled
crested water waves to the case of non-zero surface tension. We constructed an energy functional
Eσ(t) which generalizes the energy of [22] to the case of σ ≥ 0, and proved a local wellposedness
result based on this energy (see Theorem 2.1). For initial data in appropriate Sobolev spaces, this
existence result gives us a uniform time of existence of solutions for 0 ≤ σ ≤ σ0 for arbitrary σ0 > 0,
thereby recovering the uniform time of existence result of Ambrose and Masmoudi [10] in this case.
In addition to this, the energy Eσ(t) has several interesting properties: for example if σ = 0 then it
reduces to a lower order version of the energy of [22] and allows angled crested interfaces, however
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for σ > 0 the energy Eσ(t) does not allow any singularties of the interface. On the other hand the
energy does allow large curvature when σ > 0 and in particular the L∞ norm of the initial curvature
can be as large as σ−
1
3
+ǫ for any ǫ > 0 (see Corollary 2.2). This growth rate of σ−
1
3 is explained by
the fact that the quantity ‖σ 13 κ‖∞ where κ is the curvature, is a scaling invariant quantity for the
problem for zero surface tension limit (see the introduction and Remark 3.4 of [1] for more details).
In this paper we continue the study of angled crested water waves and consider the zero surface
tension limit. We construct a weighted energy E∆(t) for the difference of two solutions of the water
wave equation, one with zero surface tension and one with surface tension σ, and prove in our main
result Theorem 3.1 that E∆(t) → 0 as the surface tension σ → 0. This is a generalization of the
convergence result of [10] where convergence is proven in Sobolev spaces. The advantage of using
this energy E∆(t) for the difference of the solutions, instead of the usual Sobolev norms, is that the
rate of growth of the energy E∆(t) does not depend on the Sobolev norms of the initial data but
only on weighted norms such as Eσ(0). Hence this result allows us to control the difference of the
solutions independent of how close the initial interface is to an angled crested interface.
As an application of our main result Theorem 3.1, we show that under a suitable scaling regime,
smooth solutions of the water wave equation with surface tension converge to the singular solution
of the water wave equation with zero surface tension. More precisely we consider an initial data
(Z,Zt)(0) with angled crested interface and consider the singular solution (Z,Zt)(t) to the water
wave equation with zero surface tension as obtained from [36]. We then consider smooth solutions
(Zǫ,σ, Zǫ,σt )(t) to the water wave equation with surface tension σ with initial data (Z
ǫ,σ, Zǫ,σt )(0) =
(Z∗Pǫ, Zt∗Pǫ)(0) where Pǫ is the Poisson kernel. We show in Corollary 3.2 that if max
{
σ/ǫ
3
2 , ǫ
}→ 0,
then the solutions (Zǫ,σ, Zǫ,σt )(t) → (Z,Zt)(t) in a suitable norm. The existence of these solutions
(Zǫ,σ, Zǫ,σt )(t) on a uniform time interval was already shown in [1] (see Corollary 2.2) and this factor
of σ/ǫ
3
2 already appeared there (see Section 3.1 of [1] for more details). The novelty of Corollary 3.2
is the convergence aspect.
The proof of Theorem 3.1 is based on energy estimates. The usual strategy of directly subtracting
terms in the energy Eσ(t) and using that as the energy for the difference of the solutions fails in our
case because of the weighted nature of the energy Eσ(t). To remedy this, we introduce a coupling
term σ(Eaux)b(t) which couples the carefully constructed weighted energy (Eaux)b(t) of the zero
surface tension solution, with the surface tension σ coming from the solution with surface tension.
This coupling term σ(Eaux)b(t) is a part of the energy E∆(t) and is crucial to closing the energy
estimate of E∆(t) at the highest order. We believe that using such coupling terms could be useful in
other convergence problems more generally. We discuss the necessity and usefulness of this coupling
term in more detail in §3.2.
The paper is organized as follows: In §2 we introduce the notation, the main system of equations
we solve and recall the results from [1]. In §3 we state our main results and discuss the main ideas
behind the proof. Then in §4 we collect all the identities and estimates from [1] that we frequently
use in our calculations. In §5 we prove an apriori estimate for the energy Ehigh(t) which is an energy
for the zero surface tension solutions, and this is used in the apriori estimate for Eaux(t). In §6 we
prove an apriori energy estimate for the energy Eaux(t) which is also a weighted energy for the zero
surface tension solution. As explained before this energy is crucial in proving Theorem 3.1. In §7
we prove an apriori estimate for our main energy E∆(t). Finally in §8 we complete the proofs of our
results Theorem 3.1 and Corollary 3.2. In appendix A §9 we collect all the identities and estimates
from the appendix of [1] which are needed for this paper and in appendix B §10 we prove some new
estimates that we use throughout the paper.
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2. Notation and previous work from part I
2.1. Notation
In this section we recall the notation used in [1] and explain the main results proved there. The
Fourier transform is defined as
fˆ(ξ) =
1√
2π
∫
e−ixξf(x) dx
We will denote by S(R) the Schwartz space of rapidly decreasing functions and S ′(R) is the space of
tempered distributions. A Fourier multiplier with symbol a(ξ) is the operator Ta defined formally
by the relation T̂af = a(ξ)fˆ (ξ). The operators |∂α′ |s for s ∈ R are defined as the Fourier multipliers
with symbol |ξ|s. The Sobolev space Hs(R) for s ≥ 0 is the space of functions with ‖f‖Hs =
‖(1 + |ξ|2) s2 fˆ(ξ)‖L2(dξ) < ∞. The homogenous Sobolev space H˙
1
2 (R) is the space of functions
modulo constants with ‖f‖
H˙
1
2
= ‖|ξ| 12 fˆ(ξ)‖L2(dξ) <∞. The Poisson kernel is given by
Kǫ(x) =
ǫ
π(ǫ2 + x2)
for ǫ > 0 (3)
From now on compositions of functions will always be in the spatial variables. We write f =
f(·, t), g = g(·, t), f ◦ g(·, t) := f(g(·, t), t). Define the operator Ug as given by Ugf = f ◦ g. Observe
that UfUg = Ug◦f . Let [A,B] := AB − BA be the commutator of the operators A and B. If
A is an operator and f is a function, then (A + f) will represent the addition of the operators A
and the multiplication operator Tf where Tf (g) = fg. We denote the convolution of f and g by
f ∗ g. We will denote the spacial coordinates in Ω(t) with z = x + iy, whereas z′ = x′ + iy′ will
denote the coordinates in the lower half plane P− =
{
(x, y) ∈ R2
∣∣ y < 0}. As we will frequently
work with holomorphic functions, we will use the holomorphic derivatives ∂z =
1
2 (∂x − i∂y) and
∂z′ =
1
2 (∂x′ − i∂y′). In this paper all norms will be taken in the spacial coordinates unless otherwise
specified. For example for a function f : R×[0, T ]→ C we write ‖f‖2 = ‖f(·, t)‖2 = ‖f(·, t)‖L2(R,dα′).
Also for a function f : P− → C we write supy′<0‖f‖L2(R,dx′) = supy′<0‖f(·, y′)‖L2(R,dx′).
We write a . b if there exists a universal constant C > 0 so that a ≤ Cb. This notation may
be changed in different sections to simplify calculations in those sections. For functions f1, f2, f3 :
R→ C we define the function [f1, f2; f3] : R→ C as
[f1, f2; f3](α
′) =
1
iπ
∫ (
f1(α
′)− f1(β′)
α′ − β′
)(
f2(α
′)− f2(β′)
α′ − β′
)
f3(β
′) dβ′ (4)
and if g : R→ R is a homeomorphism then we define [f1, f2; f3]g : R→ C as
[f1, f2; f3]g(α
′) =
1
iπ
∫ (
f1(α
′)− f1(β′)
g(α′)− g(β′)
)(
f2(α
′)− f2(β′)
g(α′)− g(β′)
)
f3(β
′) dβ′ (5)
Let the interface be parametrized in Lagrangian coordinates by z(·, t) : R → Σ(t) satisfying
zα(α, t) 6= 0 for all α ∈ R. Hence zt(α, t) = v(z(α, t), t) is the velocity of the fluid on the interface
and ztt(α, t) = (vt + (v.∇)v)(z(α, t), t) is the acceleration.
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Let Ψ(·, t) : P− → Ω(t) be conformal maps satisfying limz→∞Ψz(z, t) = 1 and limz→∞Ψt(z, t) =
0. With this, the only ambiguity left in the definition of Ψ is that of the choice of translation of the
conformal map at t = 0, which does not play any role in the analysis. Let Φ(·, t) : Ω(t) → P− be
the inverse of the map Ψ(·, t) and define h(·, t) : R→ R as
h(α, t) = Φ(z(α, t), t)
hence h(·, t) is a homeomorphism. As we use both Lagrangian and conformal parameterizations, we
will denote the Lagrangian parameter by α and the conformal parameter by α′. Let h−1(·, t) be its
spacial inverse i.e.
h(h−1(α′, t), t) = α′
From now on, we will fix our Lagrangian parametrization at t = 0 by imposing
h(α, 0) = α for all α ∈ R
Hence the Lagrangian parametrization is the same as conformal parametrization at t = 0. Define
the variables
Z(α′, t) = z ◦ h−1(α′, t) Z,α′(α′, t) = ∂α′Z(α′, t) Hence ( zα
hα
) ◦ h−1 = Z,α′
Zt(α
′, t) = zt ◦ h−1(α′, t) Zt,α′(α′, t) = ∂α′Zt(α′, t) Hence (ztα
hα
) ◦ h−1 = Zt,α′
Ztt(α
′, t) = ztt ◦ h−1(α′, t) Ztt,α′(α′, t) = ∂α′Ztt(α′, t) Hence (zttα
hα
) ◦ h−1 = Ztt,α′
Hence Z(α′, t), Zt(α′, t) and Ztt(α′, t) are the parameterizations of the boundary, the velocity and
the acceleration in conformal coordinates and in particular Z(·, t) is the boundary value of the
conformal map Ψ(·, t). Note that as Z(α′, t) = z(h−1(α′, t), t) we see that ∂tZ 6= Zt. Similarly
∂tZt 6= Ztt. The substitute for the time derivative is the material derivative. Define the operators
Dt = material derivative = ∂t + b∂α′ where b = ht ◦ h−1
Dα′ =
1
Z,α′
∂α′ Dα′ =
1
Z,α′
∂α′ |Dα′ | = 1|Z,α′ |∂α
′
H = Hilbert transform = Fourier multiplier with symbol − sgn(ξ)
Hf(α′) =
1
iπ
p.v.
∫
1
α′ − β′ f(β
′) dβ′
PH = Holomorphic projection =
I+H
2
PA = Antiholomorphic projection =
I− H
2
|∂α′ | = iH∂α′ =
√
−∆ = Fourier multiplier with symbol |ξ|
|∂α′ |1/2 = Fourier multiplier with symbol |ξ|1/2
(6)
Now we have DtZ = Zt and DtZt = Ztt and more generally Dt(f(·, t) ◦ h−1) = (∂tf(·, t)) ◦ h−1 or
equivalently ∂t(F (·, t) ◦ h) = (DtF (·, t)) ◦ h. This means that Dt = U−1h ∂tUh i.e. Dt is the material
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derivative in conformal coordinates. We also define a few more variables related to the interface:
g = Im(log(Z,α′)) Hence |Dα′ |g = −iDα′ Z,α
′
|Z,α′ |
Θ = (I+H)|Dα′ |g = −i(I+H)Dα′ Z,α
′
|Z,α′ |
ω = eig =
Z,α′
|Z,α′ | Hence |Dα
′ |ω = iωReΘ
(7)
Observe that g is the angle the interface makes with the x-axis in conformal coordinates, i.e. g =
θ ◦ h−1 where zα|zα| = eiθ. Hence ReΘ = κ ◦ h−1 where κ is the curvature of the interface.
2.2. The system
To solve the system (1), (2) in [1] we obtained a system for the variables (Z,α′ , Zt) which we then
solve. The system is as follows:
b = Re(I−H)
(
Zt
Z,α′
)
A1 = 1− Im[Zt,H]Zt,α′
(∂t + b∂α′)Z,α′ = Zt,α′ − bα′Z,α′
(∂t + b∂α′)Zt = i− i A1
Z,α′
+
σ
Z,α′
∂α′(I+H)
{
Im
(
1
Z,α′
∂α′
Z,α′
|Z,α′ |
)} (8)
along with the condition that their harmonic extensions, namely Ψz′(· + iy) = K−y ∗ Z,α′ and
U(·+ iy) = K−y ∗ Zt for all y < 0, 1 are holomorphic functions on P− and satisfy 2
lim
c→∞
sup
|z′|≥c
{|Ψz′(z′)− 1|+ |U(z′)|} = 0 and Ψz′(z′) 6= 0 for all z′ ∈ P−
After solving the above system one can obtain Z(·, t) by the formula
Z(α′, t) = Z(α′, 0) +
∫ t
0
{Zt(α′, s)− b(α′, s)Z,α′(α′, s)} ds
and hence (∂t + b∂α′)Z = DtZ = Zt. Hence one can view the system being in variables (Z,Zt)
instead of the variables (Z,α′ , Zt),
We observe that the above system allows self intersecting interfaces. However if the interface is
self-intersecting then it becomes nonphysical and so its relation to the Euler equation (1), (2) is
lost. See [1] for more details.
From the calculation in [22] we have A1 ≥ 1. Now to get the function h(α, t), we solve the ODE
dh
dt
= b(h, t)
h(α, 0) = α
(9)
Observe that as long as sup[0,T ]‖bα′‖∞(t) < ∞ we can solve this ODE uniquely and for any t ∈
[0, T ] we have that h(·, t) is a homeomorphism. Hence it makes sense to talk about the functions
1here K−y is the Poisson kernel (3)
2We observe that for such a Ψz′ we can uniquely define log(Ψz′) : P− → C such that log(Ψz′ ) is a continuous
function with Ψz′ = exp{log(Ψz′)} and (log(Ψz′ ))(z
′)→ 0 as z′ →∞.
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z = Z ◦ h, zt = Zt ◦ h which are Lagrangian parametrizations of the interface and the velocity on
the boundary. We also note that the last equation in (8) can be written as
Ztt − i = −i A1
Z,α′
+ σDα′Θ (10)
2.3. Previous result
Let us now describe the main result of [1]. For σ ≥ 0 define the energy
Eσ,1 =
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥2
2
+
∥∥∥∥ 1Z,α′ ∂α′ 1Z,α′
∥∥∥∥2
H˙
1
2
+ ‖σ∂α′Θ‖2
H˙
1
2
+
∥∥∥∥∥σ 16Z 12,α′∂α′ 1Z,α′
∥∥∥∥∥
6
2
+
∥∥∥∥∥σ 12Z 12,α′∂α′ 1Z,α′
∥∥∥∥∥
2
∞
+
∥∥∥∥∥ σ
1
2
Z
1
2
,α′
∂2α′
1
Z,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ σ
1
2
Z
3
2
,α′
∂2α′
1
Z,α′
∥∥∥∥∥
2
H˙
1
2
+
∥∥∥∥ σZ,α′ ∂3α′ 1Z,α′
∥∥∥∥2
2
+
∥∥∥∥∥ σZ2,α′ ∂3α′ 1Z,α′
∥∥∥∥∥
2
H˙
1
2
Eσ,2 =
∥∥Zt,α′∥∥22 +
∥∥∥∥∥ 1Z2,α′ ∂α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ σ
1
2
Z
1
2
,α′
∂α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ σ
1
2
Z
5
2
,α′
∂2α′Zt,α′
∥∥∥∥∥
2
2
Eσ = Eσ,1 + Eσ,2
Theorem 2.1 ([1]). Let σ > 0 and assume the initial data (Z,Zt)(0) satisfies (Z,α′ − 1, 1Z,α′ −
1, Zt)(0) ∈ H3.5(R) × H3.5(R) × H3(R). Then Eσ(0) < ∞ and there exists T,C1 > 0 depending
only on Eσ(0) such that the initial value problem to (8) has a unique solution (Z,Zt)(t) in the time
interval [0, T ] satisfying (Z,α′ − 1, 1Z,α′ − 1, Zt) ∈ C
l([0, T ], H3.5−
3
2
l(R) ×H3.5− 32 l(R) ×H3− 32 l(R))
for l = 0, 1 and sup
t∈[0,T ]
Eσ(t) ≤ C1 <∞
The main feature of this existence result is that the time of existence depends only on Eσ(0) and
not on the Hs norms of the initial data. The energy Eσ(t) can be viewed as a weighted Sobolev
norms of (Z,Zt) with the weight being powers of
1
Z,α′
along with appropriate powers of σ. The
energy Eσ(t) has several interesting properties such as:
(1) For σ = 0 the energy Eσ(t) reduces to a lower order version of the energy of Kinsey and
Wu [22]. In particular it allows singular interfaces such as interfaces with angled crests and
cusps (see [2]).
(2) For σ > 0 the energy Eσ(t) does not allow any singularities in the interface. In particular it
does not allow angled crested interfaces.
(3) For σ > 0 even though the energy Eσ(t) does not allow singularities in the interface, it does
allow interfaces with large curvature. It allows the L∞ norm of the curvature of the initial
interface to be as large as σ−
1
3
+ǫ for any ǫ > 0. In particular for σ small, the energy allows
interfaces with very large curvature.
(4) Note that in the statement of the theorem, there are no assumptions on the Taylor sign
condition. Also the energy Eσ(t) is an increasing function of σ and hence for initial data in
appropriate Sobolev spaces, this result implies a uniform time of existence of solutions for
0 ≤ σ ≤ σ0 for arbitrary σ0 > 0, thereby recovering the uniform time of existence result of
Ambrose and Masmoudi [10] in this case.
These properties are discussed in more detail in [1]. One of the more interesting consequences of
this theorem is that it can used to prove the existence of solutions to (8) with the initial interface
close to being angled crested. Let us now explain this result.
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As before let (Ψ, U)(·, 0) : P− → C be holomorphic maps with Ψz′ 6= 0 for all z ∈ P− and with
their boundary values being the initial data namely (Z,Zt)(α
′, 0) = (Ψ, U)(α′, 0) for all α′ ∈ R.
Recall the notation namely that for z′ ∈ P− we write z′ = x′ + iy′. At t = 0 define the quantity
M = sup
y′<0
∥∥∥∥Ψ 34z′∂z′( 1Ψz′
)∥∥∥∥
L
8
7 (R,dx′)
+ sup
y′<0
∥∥∥∥Ψ 12z′∂z′( 1Ψz′
)∥∥∥∥
L
4
3 (R,dx′)
+ sup
y′<0
∥∥∥∥∂z′( 1Ψz′
)∥∥∥∥
L2(R,dx′)
+ sup
y′<0
∥∥∥∥ 1Ψz′ ∂z′
(
1
Ψz′
)∥∥∥∥
L∞(R,dx′)
+ sup
y′<0
∥∥∥∥ 1Ψz′ ∂2z′
(
1
Ψz′
)∥∥∥∥
L1(R,dx′)
+ sup
y′<0
∥∥∥∥ 1Ψ2z′ ∂2z′
(
1
Ψz′
)∥∥∥∥
L2(R,dx′)
+ sup
y′<0
∥∥∥∥ 1Ψ3z′ ∂3z′
(
1
Ψz′
)∥∥∥∥
L1(R,dx′)
+ sup
y′<0
∥∥∥∥ 1Ψz′ − 1
∥∥∥∥
L2(R,dx′)
+ sup
y′<0
‖U‖H3.5(R,dx′)
(11)
It is easy to check that if M < ∞, then the initial data satisfies the hypothesis of Theorem 3.9 of
Wu [36] and we get a unique solution (Z,Zt)(t) to (8) for σ = 0. Also by exactly the same argument
as in section 5 of [2], M <∞ allows interfaces with angled crests of angles νπ with 0 < ν < 12 and
also allows certain cusps (see [2] for more details). With this we can now state the main corollary
of this theorem.
Corollary 2.2 ([1]). Consider an initial data (Z,Zt)(0) with M <∞. Let (Z,Zt)(t) be the unique
solution of equation (8) for σ = 0 with initial data (Z,Zt)(0) as obtained in [36]. For 0 < ǫ ≤ 1 and
σ ≥ 0 denote by (Zǫ,σ, Zǫ,σt )(t) the unique solution to the equation (8) with surface tension σ and
with initial data (Zǫ,σ, Zǫ,σt )(0) = (Z ∗Pǫ, Zt ∗Pǫ)(0) where Pǫ is the Poisson kernel. Then we have
the following
(1) For any c > 0, there exists T,C1 > 0 depending only on c and M such that for all σ ≥ 0
and 0 < ǫ ≤ 1 satisfying σ
ǫ
3
2
≤ c, the solutions (Zǫ,σ, Zǫ,σt )(t) exist in the time interval [0, T ]
with supt∈[0,T ] Eσ(Zǫ,σ, Zǫ,σt )(t) ≤ C1 <∞.
(2) If the initial interface Z(·, 0) has only one angled crest of angle νπ with 0 < ν < 12 , then the
L∞ norm of the curvature κǫ,σ of the initial interface Zǫ,σ(·, 0) satisfies ‖κǫ,σ‖∞ ∼ ǫ−ν as
ǫ → 0. In particular for any 0 < δ < 13 arbitrarily small, choosing ν = 12 − 32δ and σ = ǫ
3
2
we obtain ‖κǫ,σ‖∞ ∼ σ−
1
3
+δ as σ → 0. Hence Theorem 2.1 allows initial interfaces with
large curvature when σ is small.
See Figure 1 for a comparison between the interfaces Zǫ,σ(·, t) and Z(·, t). The interesting thing
about this result is that under the assumption of σ . ǫ
3
2 , it proves the existence of the solutions
(Zǫ,σ, Zǫ,σt )(t) on a uniform time interval [0, T ]. Generally if one uses standard energy estimates (as
compared to working with the energy Eσ(t)), one gets an upper bound on the time of existence as
T . ‖κ‖−1∞ where κ is the initial curvature. As one can see, the initial interface of Zǫ,σ(·, 0) has a
very large curvature for ǫ small, and so one cannot obtain a result such as the above corollary by
standard energy estimates and one has to use weighted energy estimates as done in Theorem 2.1.
The scaling factor σ/ǫ
3
2 comes from the scaling of the equation and we refer to the introduction and
Remark 3.4 of [1] for more details.
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3. Main results and discussion
3.1. Results
We now explain our results about convergence. Let (Z,Zt)a and (Z,Zt)b be two solutions of the
water wave equation (8) with surface tensions σa and σb respectively. We denote the two solutions
as A and B respectively for simplicity. We will denote the terms and operators for each solution
by their subscript a or b. For example (Zt,α′)a and (Zt,α′)b denotes the spacial derivative of the
velocity for the respective solutions. Similarly we also have the operators
(|Dα′ |)a = 1|Z,α′ |a
∂α′ (|Dα′ |)b = 1|Z,α′ |b
∂α′ etc.
Let ha, hb be the homeomorphisms from (9) for the respective solutions and let the material deriva-
tives by given by (Dt)a = U
−1
ha
∂tUha and (Dt)b = U
−1
hb
∂tUhb . We define
h˜ = hb ◦ h−1a and U˜ = Uh˜ = U−1ha Uhb
While taking the difference of the two solutions, we will subtract in Lagrangian coordinates and
then bring it to the Riemmanian coordinate system of A. The reason we want to subtract in the
Lagrangian coordinate system is that in our proof of the energy estimate we mainly use the material
derivative, and in the Lagrangian coordinate system the material derivative for both the solutions
is given by the same operator ∂t and subtracting in Lagrangian coordinates helps us avoid a loss
of derivatives. The operator U˜ takes a function in the Riemmanian coordinate system of B to the
Riemmanian coordinate system of A. We define
∆(f) = fa − U˜(fb)
For example ∆(Zt,α′) = (Zt,α′)a−U˜(Zt,α′)b, where we have written U˜(f)b instead of U˜(fb) for easier
readability for the term U˜(Zt,α′)b. This notation allows us subtract the corresponding quantities of
the two solutions in the correct manner, while still using conformal coordinates.
To describe our main result Theorem 3.1 on the zero surface tension limit, we let (Z,Zt)a be the
solution with surface tension σ and let (Z,Zt)b denote the solution with zero surface tension. We
want to show that
(Z,Zt)a → (Z,Zt)b as σ → 0
in a suitable norm. Note that with this notation equation (10) becomes
(Ztt)a − i = −i
(
A1
Z,α′
)
a
+ σ(Dα′Θ)a where as (Ztt)b − i = −i
(
A1
Z,α′
)
b
and we have
∆(Ztt) = −i
{(
A1
Z,α′
)
a
− U˜
(
A1
Z,α′
)
b
}
+ σ(Dα′Θ)a = −i∆
(
A1
Z,α′
)
+ σ(Dα′Θ)a
To state our convergence result, we first need to define a few more norms. We define the higher
order energy for zero surface tension solutions as
Ehigh =
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥2
2
+
∥∥∥∥∥ 1Z2,α′ ∂2α′ 1Z,α′
∥∥∥∥∥
2
2
+
∥∥Zt,α′∥∥22 +
∥∥∥∥∥ 1Z2,α′ ∂α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z3,α′ ∂α′Zt,α′
∥∥∥∥∥
2
H˙
1
2
(12)
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The energy Ehigh is used in Kinsey-Wu [22] and Wu [36] to prove local wellposedness for angled
crested water waves. 3. Note that this energy is half spacial derivative higher order than the energy
Eσ|σ=0. We also define an auxiliary energy for the zero surface tension solution
Eaux =
∥∥∥∥Z 12,α′∂α′ 1Z,α′
∥∥∥∥2
∞
+
∥∥∥∥∥ 1Z 12,α′ ∂2α′
1
Z,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z 52,α′ ∂3α′
1
Z,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z 12,α′ ∂α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z 52,α′ ∂2α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z 72,α′ ∂2α′Zt,α′
∥∥∥∥∥
2
H˙
1
2
(13)
This energy will be key in proving the convergence result. We can now define the norm in which we
prove convergence. Define the energy E∆ as
E∆,1 =
∥∥∥∥∆(∂α′ 1Z,α′
)∥∥∥∥2
2
+
∥∥∥∥∆( 1Z,α′ ∂α′ 1Z,α′
)∥∥∥∥2
H˙
1
2
+
∥∥∥∥∥
(
σ
1
6Z
1
2
,α′∂α′
1
Z,α′
)
a
∥∥∥∥∥
6
2
+
∥∥∥∥∥
(
σ
1
2Z
1
2
,α′∂α′
1
Z,α′
)
a
∥∥∥∥∥
2
∞
+
∥∥∥∥∥
(
σ
1
2
Z
1
2
,α′
∂2α′
1
Z,α′
)
a
∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
3
2
,α′
∂2α′
1
Z,α′
)
a
∥∥∥∥∥
2
H˙
1
2
+ ‖(σ∂α′Θ)a‖2H˙ 12 +
∥∥∥∥( σZ,α′ ∂3α′ 1Z,α′
)
a
∥∥∥∥2
2
+
∥∥∥∥∥
(
σ
Z2,α′
∂3α′
1
Z,α′
)
a
∥∥∥∥∥
2
H˙
1
2
E∆,2 =
∥∥∆(Zt,α′)∥∥22 +
∥∥∥∥∥∆
(
1
Z2,α′
∂α′Zt,α′
)∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
1
2
,α′
∂α′Zt,α′
)
a
∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
5
2
,α′
∂2α′Zt,α′
)
a
∥∥∥∥∥
2
2
E∆ = E∆,1 + E∆,2 + σ(Eaux)b
Let us now understand this norm. Observe that the terms of E∆,1 and E∆,2 are obtained by
taking the difference of the terms of the energy Eσ defined in §2.3 for the solutions A and B. The
term σ(Eaux)b is a coupling term as it couples the energy (Eaux)b of the zero surface tension solution
B with the surface tension coefficient σ of the solution A. This term is crucial to close the energy
estimate for E∆ at the highest order. The reason for the need to include this term and why it works
is explained in more detail in §3.2.
We now state our main result on convergence. We will state the theorem here only for the special
case of the two solutions having the same initial data and a more general result is stated in §7. The
existence part of our result follows from earlier results: For σ = 0, one can use the existence result
Theorem 3.9 of [36], where a wellposedness result is proved in terms of the energy Ehigh 4. For σ > 0
we can use Theorem 2.1 for an existence result in terms of the energy Eσ(t). The main result of this
paper is as follows:
Theorem 3.1. Let σ > 0 and let (Z,Zt)(0) be an initial data such that (Z,α′ − 1, 1Z,α′ − 1, Zt)(0) ∈
H3.5(R)×H3.5(R)×H3.5(R). Let L > 0 be such that
Ehigh(0), Eσ(0) ≤ L
3The energy used in [22] and [36] also has the lower order term
∥
∥
∥
∥
1
Z,α′
∥
∥
∥
∥
2
∞
(t) or
∣
∣
∣
∣
1
Z,α′
∣
∣
∣
∣
(0, t) which we don’t have.
4In Theorem 3.9 of [36] the time of existence also depends on the lower order term 1
Z,α′
. In our case this can be
avoided as we show in Theorem 5.1 and the proof of Theorem 3.1.
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Then there exists T,C0, C1, C2 > 0 depending only on L so that we have a unique solution (Z,Zt)(t)
to (8) with zero surface tension with initial data (Z,Zt)(0) in time interval [0, T ] satisfying (Z,α′ −
1, 1Z,α′
− 1, Zt) ∈ Cl([0, T ], H3−12 l(R)×H3− 12 l(R)×H3.5− 12 l(R)) for l = 0, 1 along with the estimate
supt∈[0,T ] Ehigh(Z,Zt)(t) ≤ C2, and we have a unique solution (Zσ, Zσt )(t) to (8) with surface tension
σ with the same initial data (Z,Zt)(0) in the time interval [0, T ] satisfying (Z
σ
,α′ − 1, 1Zσ
,α′
− 1, Zσt ) ∈
Cl([0, T ], H3.5−
3
2
l(R)×H3.5− 32 l(R)×H3− 32 l(R)) for l = 0, 1 and supt∈[0,T ] Eσ(Zσ, Zσt )(t) ≤ C2, and
we have the estimate
sup
t∈[0,T ]
E∆(Zσ, Z)(t) ≤ C1eC0TE∆(Zσ, Z)(0)
In the above result E∆(Zσ, Z)(t) is the energy E∆(t) where (Zσ, Zσt )(t) is the solution A and
(Z,Zt)(t) is the solution B. From the energy E∆ defined above we observe that if the initial
data for the two solutions is then same, then E∆(Zσ, Z)(0) . σ → 0 as σ → 0, and hence
supt∈[0,T ] E∆(Zσ, Z)(t)→ 0 as σ → 0. This result should be contrasted with the result of Ambrose-
Masmoudi [10] where the convergence is proved in Sobolev spaces. Note that the theorem above
implies convergence in Sobolev spaces so we recover the result of [10]. The novelty of the above
convergence result is that the rate of growth of the energy E∆ does not depend on the Sobolev norms
of the initial data (as is the case in [10]) but only on the energies Ehigh and Eσ, as the constant C0
appearing in the estimate for E∆(t), namely
sup
t∈[0,T ]
E∆(Zσ, Z)(t) ≤ C1eC0TE∆(Zσ, Z)(0)
depends only on L which in turn depends only on Ehigh(0), Eσ(0). If the initial interface is close
to being an angled crest, then Ehigh and Eσ remain bounded 5 where as the C1,α norm (for any
0 < α ≤ 1) of the interface Z blows up as the interface gets closer to being angled crested. Hence
this result allows us to control the difference of the solutions independent of how close the initial
interface is to an angled crest interface. It is also worthwhile to note that in the proof we show that
the energy E∆ is quite strong, and in particular it directly controls ‖θσ − θ‖2∞ and hence we have
the angle of the interface θσ → θ in L∞ as σ → 0. Hence the approximation between the solutions
with non-zero surface tension and zero surface tension is quite strong.
We prove this theorem in §8. To prove this theorem, we first prove an apriori energy estimate
for the energy Eaux, by proving that as long as Ehigh is controlled, then Eaux is also controlled. This
is proved in §6. Then using this energy estimate we prove an apriori energy estimate for E∆ in §7.
We then use both of these energy estimates to finish the proof in §8.
Let us now apply this result explicitly to angled crested interfaces. For two solutions A and B of
water waves, we define the following norm
F∆ = ‖(zt)a − (zt)b‖
H˙
1
2
+ ‖(ztt)a − (ztt)b‖
H˙
1
2
+
∥∥∥∥(hαzα
)
a
−
(
hα
zα
)
b
∥∥∥∥
H˙
1
2
+ ‖(hα)a − (hα)b‖2
+
∥∥∥∥(ztαzα
)
a
−
(
ztα
zα
)
b
∥∥∥∥
2
+ ‖(A1 ◦ h)a − (A1 ◦ h)b‖2 +
∥∥∥∥(htαhα
)
a
−
(
htα
hα
)
b
∥∥∥∥
2
(14)
5Eσ(t) remains bounded provided the surface tension is small enough depending on how close it is an angled crest
interface. See Corollary 3.2.
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This norm was introduced by Wu in Theorem 3.7 of [36] to establish uniqueness of angled crested
water waves without surface tension 6. Let us now consider Corollary 2.2 and let solution A be
(Zǫ,σ, Zǫ,σt )(t) and solution B be (Z,Zt)(t). We will use the above norm F∆ to establish convergence
for (Zǫ,σ, Zǫ,σt )(t)→ (Z,Zt)(t) as ǫ, σ → 0 under suitable conditions.
Z(·, t)
Zǫ,σ(·, t)ǫ
ρair = 0
ρwater = 1
Figure 1. Waves with and without surface tension
Corollary 3.2. Consider an initial data (Z,Zt)(0) with M < ∞ where M is defined in (11) and
fix c > 0. Let (Z,Zt)(t) be the unique solution of equation (8) with zero surface tension with initial
data (Z,Zt)(0) in the time interval [0, T1], where T1 > 0 and depends only on M , as obtained in
Theorem 3.9 of [36]. For σ ≥ 0, 0 < ǫ ≤ 1 let (Zǫ,σ, Zǫ,σt )(t) be the unique solution to the equation
(8) with surface tension σ and with initial data (Zǫ,σ, Zǫ,σt )(0) = (Z ∗Pǫ, Zt ∗Pǫ)(0) where Pǫ is the
Poisson kernel. If
σ
ǫ
3
2
≤ c, then there exists T2, C0, C1, C2 > 0 depending only on M and c so that
the solutions (Zǫ,σ, Zǫ,σt )(t) exist in the time interval [0, T2] and supt∈[0,T2] Eσ(Zǫ,σ, Zǫ,σt )(t) ≤ C2
along with
(1) supt∈[0,T2] E∆(Zǫ,σ, Zǫ)(t) ≤ σǫ 32 (C1e
C0T2)
(2) supt∈[0,T ]F∆(Zǫ,σ, Z)(t)→ 0 as max
{
σ
ǫ
3
2
, ǫ
}
→ 0, where T = min{T1, T2}.
In the above result E∆(Zǫ,σ, Zǫ)(t) is the energy E∆(t) for the two solutions (Zǫ,σ, Zǫ,σt )(t) and
(Zǫ, Zǫt )(t) and similarly F∆(Zǫ,σ, Z)(t) is the energy F∆(t) for the two solutions (Zǫ,σ, Zǫ,σt )(t)
and (Z,Zt)(t). As explained in §2.3, M <∞ allows interfaces with angled crests of angles νπ with
0 < ν < 12 and also allows certain cusps, and so (Z,Zt)(0) is allowed to be singular. As explained
previously the existence part of this result has already been proved in Corollary 2.2 and the novelty
here is the convergence aspect. The first part of the convergence result says that as long as σ . ǫ
3
2 ,
then the difference of the solution with surface tension (Zǫ,σ, Zǫ,σt )(t) to the solution without surface
tension (Zǫ, Zǫt )(t) does not depend on how close the initial interface is to being angled crested (i.e.
independent of ǫ). The second part shows that the smooth solutions (Zǫ,σ, Zǫ,σt )(t) to (8) with
surface tension σ converge to the singular solution (Z,Zt)(t) of (8) with zero surface tension, and
the convergence happens in the norm F∆.
6See (55) for an equivalent form of F∆ written in the Riemannian coordinate system of solution A, as was written
in [36]. Also instead of the term ‖(hα)a − (hα)b‖2 above, in [36] the term which shows up is
∥
∥
∥
(hα)b
(hα)a
− 1
∥
∥
∥
2
. Both
of these are equivalent as hα has a lower and upper bound as long as Eσ(t) remains bounded. See the paragraph
following (9)
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This corollary is proved in §8. The first part of the convergence result follows directly from
Theorem 3.1. The second part follows from the observation that the norm F∆ is weaker than the
norm E∆ and hence we essentially have
F∆(Zǫ,σ, Z)(t) ≤ F∆(Zǫ,σ, Zǫ)(t) + F∆(Zǫ, Z)(t)
. {E∆(Zǫ,σ, Zǫ)(t)}α + F∆(Zǫ, Z)(t)
for some α > 0. Now the proof follows from using the fact that E∆(Zǫ,σ, Zǫ)(t)→ 0 as max
{
σ
ǫ
3
2
, ǫ
}
→
0 from part (1) of the corollary, and F∆(Zǫ, Z)(t)→ 0 by Theorem of 3.7 of [36]. See the proof in
§8 for more details.
The norm F∆ being weaker than the norm E∆ has one consequence being that it can only show
θǫ,σ → θ in L2 instead of the convergence in L∞, which is what you would obtain if one could use
the stronger norm E∆. We do not know whether the convergence of θǫ,σ → θ can be proved in a
stronger space and this is a problem we leave for future work.
3.2. Discussion
Let us first discuss how the standard energy estimate for convergence in Sobolev spaces generally
works. Let ua and ub be solutions to the equations
(∂2t + |∂α′ |+ σ|∂α′ |3)ua = Na (∂2t + |∂α′ |)ub = Nb
These are highly simplified versions of the water wave equation with surface tension σ and with zero
surface tension respectively. Now the corresponding energies for the solutions ua and ub are of the
form
(Es)a(t) = ‖∂t∂sα′ua‖2H˙ 12 +
∥∥∂s+1α′ ua∥∥22 + ∥∥∥σ 12 ∂s+2α′ ua∥∥∥22 (Es)b(t) = ‖∂t∂sα′ub‖2H˙ 12 + ∥∥∂s+1α′ ub∥∥22
Hence to prove convergence at the level of Es, we first subtract the equations to get
(∂2t + |∂α′ |)(ua − ub) + σ|∂α′ |3ua = Na −Nb
From which we get the energy
E∆,s(t) = ‖∂t∂sα′(ua − ub)‖2H˙ 12 +
∥∥∂s+1α′ (ua − ub)∥∥22 + ∥∥∥σ 12 ∂s+2α′ ua∥∥∥22
Differentiating this we see that
d
dt
E∆,s(t) = 2Re
{∫
(|∂α′ |∂t∂sα′(u¯a − u¯b))(∂sα′∂2t (ua − ub))
}
+ 2Re
{∫
(∂t∂
s+1
α′ (u¯a − u¯b))(∂s+1α′ (ua − ub))
}
+ 2Re
{∫
(∂t∂
s+2
α′ u¯a)(σ∂
s+2
α′ ua)
}
Now in the last integral we rewrite ∂t∂
s+2
α′ u¯a = ∂t∂
s+2
α′ (u¯a − u¯b) + ∂t∂s+2α′ u¯b and use the identities
|∂α′ | = iH∂α′ and H2 = I to get
d
dt
E∆,s(t) = 2Re
{∫
(|∂α′ |∂t∂sα′(u¯a − u¯b))∂sα′
(
∂2t (ua − ub) + |∂α′ |(ua − ub) + σ|∂α′ |3ua
)}
+ 2Re
{∫
(σ
1
2 ∂t∂
s+2
α′ u¯b)(σ
1
2 ∂s+2α′ ua)
}
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Now the first integral can be controlled by using the equation for the difference. To control the
second integral, one can assume control of the energy (Es+3/2)b(t) to get control of
∥∥∂t∂s+2α′ ub∥∥2,
and so the second integral can be estimated via∣∣∣∣2Re{∫ (σ 12 ∂t∂s+2α′ u¯b)(σ 12 ∂s+2α′ ua)}∣∣∣∣ . σ 12∥∥∂t∂s+2α′ ub∥∥2∥∥σ 12 ∂s+2α′ ua∥∥2 → 0 as σ → 0 (15)
We follow essentially the same strategy as above except that at the last step this strategy fails. To
see this, first note that the integral we are left to estimate by trying to control E∆,4 in Theorem 7.1
is an integral of the form
2Re
∫
U˜
{
σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |(DtDα′Zt)
}
b
{
σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
}
a
See §7.2.4 for the details. Now
(
σ
1
2
|Z,α′ | 12
∂α′ |Dα′ |Dα′Zt
)
a
∈ L2 as it is part of the energy E∆,4
(This is analogous to the control of
∥∥σ 12 ∂s+2α′ ua∥∥2 one has from E∆,s in (15)). However we cannot
assume control of
{
1
|Z,α′ | 12
∂α′ |Dα′ |(DtDα′Zt)
}
b
∈ L2 in an analogous manner as was done in (15)
(by assuming control of
∥∥∂t∂s+2α′ ub∥∥2), as heuristically if the zero surface tension solution B has an
angle crest of angle νπ then Z(α′) ∼ (α′)ν near α′ = 0, and hence using (10) we heuristically have
1
|Z,α′ |
1
2
∂α′ |Dα′ |(DtDα′Zt) ∼ 1
Z
5
2
,α′
∂3α′
1
Z,α′
∼ (α′)− 72ν+ 12
which does not belong to L2 for 27 ≤ ν < 12 . Hence assuming control of this term will force us to
severely restrict the initial data allowed in our results by imposing the restriction 0 < ν < 27 . To over-
come this difficulty, we observe that we do not really need to control
{
1
|Z,α′ | 12
∂α′ |Dα′ |(DtDα′Zt)
}
b
∈
L2, but what we really need to control is
{
σ
1
2
|Z,α′ | 12
∂α′ |Dα′ |(DtDα′Zt)
}
b
∈ L2 and ensure that this
goes to zero as σ → 0. This is achieved by the term σ(Eaux)b(t) which controls precisely terms of
this type and ensures that it goes to zero as σ → 0. The energy σ(Eaux)b(t) not only allows us
to prove the apriori estimate for E∆ in Theorem 3.1 but moreover ensures that the scaling σ/ǫ 32
obtained originally in Corollary 2.2 as part of [1] remains the same in Corollary 3.2. This shows
that the energy σ(Eaux)b(t) scales in the correct manner and does not weaken the statement of our
results in Theorem 3.1 or Corollary 3.2.
4. Identities and equations from previous work
In this section we collect the identities and estimates proved in [1] which we use in this paper.
We are collecting them essentially all in this section as this is easier than to constantly refer to the
paper [1] when we prove our energy estimates in later sections.
4.1. Main identities
Here we first collect the main identities commonly used in this paper. See Section 4 of [1] for a
proof of these identities.
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a) We have
Z,α′
|Z,α′ |∂α
′
1
Z,α′
= ∂α′
1
|Z,α′ | + ω|Dα
′ |ω
Observe that ∂α′
1
|Z,α′ | is real valued and ω|Dα
′ |ω is purely imaginary. From this we obtain
Re
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= ∂α′
1
|Z,α′ | Im
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= i(ω|Dα′ |ω) = −ReΘ (16)
b) We have
Dtg = −Im(Dα′Zt) (17)
c) For any complex valued function f , we have H(Ref) = iIm(Hf) and H(iImf) = Re(Hf). Hence
we get the following identities
(I+ H)(Ref) = f − iIm(I−H)f (18)
(I+ H)(iImf) = f − Re(I−H)f (19)
d) We have
A1 = 1 + iZtZt,α′ − i(I+H)
{
Re(ZtZt,α′)
}
(20)
e) We have
b =
Zt
Z,α′
− i(I+H)
{
Im
(
Zt
Z,α′
)}
and hence
bα′ = Dα′Zt + Zt∂α′
1
Z,α′
− i∂α′(I+H)
{
Im
(
Zt
Z,α′
)}
(21)
f) We now record some frequently used commutator identities.
[∂α′ , Dt] = bα′∂α′ [|Dα′ |, Dt] = Re(Dα′Zt)|Dα′ | = Re(Dα′Zt)|Dα′ | (22)
[Dα′ , Dt] = (Dα′Zt)Dα′ [Dα′ , Dt] =
(
Dα′Zt
)
Dα′ (23)
Using these we also obtain the following formulae
Dt|Z,α′ | = DteRe logZ,α′ = |Z,α′ |{Re(Dα′Zt)− bα′} (24)
Dt
1
Z,α′
=
−1
Z,α′
(Dα′Zt − bα′) = 1
Z,α′
{
(bα′ −Dα′Zt −Dα′Zt) +Dα′Zt
}
(25)
Observe that (bα′ −Dα′Zt −Dα′Zt) is real valued and this fact will be useful later on.
g) We have the formula
Θ = i
Z,α′
|Z,α′ |∂α
′
1
Z,α′
− iRe(I−H)
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
(26)
h) We have the formula
Re(DtΘ) = −Im
{
(|Dα′ |+ iReΘ)Dα′Zt
}
(27)
We also have the formula
DtΘ = i(|Dα′ |+ iReΘ)Dα′Zt − iRe(I−H)
{
(|Dα′ |+ iReΘ)Dα′Zt
}
+ iIm(I−H)DtΘ (28)
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along with
(I−H)DtΘ = [Dt,H]Θ = [b,H]∂α′Θ (29)
4.2. Quasilinear equations
We now write down the quasilinear equations obtained in [1] that we will need to prove our energy
estimates. See Section 4 of [1] for a derivation of these equations.
(1) Define the real valued variable J1 as
J1 = DtA1 +A1
(
bα′ −Dα′Zt −Dα′Zt
)
+ σ∂α′Re(I−H)
{
(|Dα′ |+ iReΘ)Dα′Zt
}
− σ∂α′Im(I−H)DtΘ
(30)
Using this we get
Zttt + i
A1
Z,α′
Dα′Zt − iσDα′(|Dα′ |+ iReΘ)Dα′Zt = −σ(Dα′Zt)Dα′Θ− i J1
Z,α′
(31)
We also have
ZtttZ,α′ + iA1Dα′Zt − iσ∂α′
(
1
Z ,α′
|Dα′ |Zt,α′
)
= iσ∂α′
{(
|Dα′ | 1
Z ,α′
)
Zt,α′
}
− σ(Dα′Zt)∂α′Θ− σ∂α′
{
(ReΘ)Dα′Zt
}− iJ1 (32)
This equation gives rise to the energy Eσ,1 in the energy estimate Theorem 4.1.
(2) (
D2t + i
A1
|Z,α′ |2
∂α′ − iσ|Dα′ |3
)
Dα′Zt = R1 − i
(
Dα′
1
Z,α′
)
J1 − i 1|Z,α′ |2
∂α′J1 (33)
where
R1 = −2(Dα′Zt)(DtDα′Zt)− 2σRe(Dα′Zt)Dα′Dα′Θ− σ(Dα′Dα′Zt)Dα′Θ
+ iσ
(
2iRe(|Dα′ |Θ) + (ReΘ)2
)
|Dα′ |Dα′Zt − σRe
(
|Dα′ |2Θ
)
Dα′Zt
+ iσ(ReΘ)(Re(|Dα′ |Θ))Dα′Zt
(34)
and J1 was defined in (30). This equation gives rise to the energy Eσ,4 in the energy estimate
Theorem 4.1.
(3) Multiply the equation for Dα′Zt in (33) by Z,α′ to get the equation(
D2t + i
A1
|Z,α′ |2
∂α′ − iσ|Dα′ |3
)
Zt,α′
= R1Z,α′ − i
(
∂α′
1
Z,α′
)
J1 − iDα′J1 − Z ,α′
[
D2t + i
A1
|Z,α′ |2
∂α′ − iσ|Dα′ |3, 1
Z ,α′
]
Zt,α′
(35)
This equation gives rise to the energy Eσ,2 in the energy estimate Theorem 4.1.
(4) We have (
D2t + i
A1
|Z,α′ |2
∂α′ − iσ|Dα′ |3
)
Θ = R2 + iJ2 (36)
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where
R2 = −2i
(
Dα′Zt
)(|Dα′ |Dα′Zt)+ (ReΘ){(Dα′Zt)2 + iDα′( A1
Z,α′
)
+ iσ(ReΘ)|Dα′ |Θ
}
+ σRe(|Dα′ |Θ)|Dα′ |Θ+
(
|Dα′ | A1|Z,α′ |
)(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
+ |Dα′ |
(
1
|Z,α′ |2
∂α′A1
)
+ (I+ H)Im
{
Re(Dα′Zt)|Dα′ |Dα′Zt − iRe(DtΘ)Dα′Zt
}
+
A1
|Z,α′ |2
∂α′Re(I−H)
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
(37)
J2 = Im(I−H)
(
D2tΘ
)− Re(I−H){(|Dα′ |+ iReΘ)DtDα′Zt} (38)
Note that the variable J2 is real valued. This equation gives rise to the energy Eσ,3 in the
energy estimate Theorem 4.1.
4.3. Previous apriori estimate
We now describe the main apriori estimate proved in Section 5 of [1]. We will need a modification
of this energy when we prove our main energy estimate Theorem 7.1. Define
Eσ,0 =
∥∥∥∥σ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥2
∞
+
∥∥∥∥σ 16 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥6
2
+
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥2
2
+
∥∥∥∥∥ σ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
2
Eσ,1 =
∥∥(Ztt − i)Z,α′∥∥2H˙ 12 + ∥∥∥√A1Zt,α′∥∥∥22 +
∥∥∥∥∥ σ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
∥∥∥∥∥
2
2
Eσ,2 =
∥∥DtZt,α′∥∥22 + ∥∥∥∥√A1 Zt,α′|Z,α′ |
∥∥∥∥2
H˙
1
2
+
∥∥∥∥∥ σ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
∥∥∥∥∥
2
H˙
1
2
Eσ,3 = ‖DtΘ‖22 +
∥∥∥∥√A1 Θ|Z,α′ |
∥∥∥∥2
H˙
1
2
+
∥∥∥∥∥ σ
1
2
|Z,α′ |
3
2
∂α′Θ
∥∥∥∥∥
2
H˙
1
2
Eσ,4 =
∥∥DtDα′Zt∥∥2H˙ 12 + ∥∥∥√A1|Dα′ |Dα′Zt∥∥∥22 +
∥∥∥∥∥ σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
∥∥∥∥∥
2
2
Eσ = Eσ,0 + Eσ,1 + Eσ,2 + Eσ,3 + Eσ,4
Theorem 4.1 ([1]). Let σ ≥ 0 and let (Z,Zt)(t) be a smooth solution to (8) in [0, T ] for T > 0,
such that for all s ≥ 3 we have (Z,α′ − 1, 1Z,α′ − 1, Zt) ∈ L
∞([0, T ], Hs+
1
2 (R)×Hs+ 12 (R)×Hs(R)).
Then supt∈[0,T ]Eσ(t) <∞ and there exists a polynomial P with universal non-negative coefficients
such that for all t ∈ [0, T ) we have
dEσ(t)
dt
≤ P (Eσ(t))
Remark 4.2. Note that the energy Eσ,0 contains a term which is the L
∞ norm of a function and
hence may not in general be differentiable in time even for smooth solutions. Hence for this term
the time derivative is replaced by the upper Dini derivative lim sups→0+
‖f(t+s)‖∞−‖f(t)‖∞
s
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In this section when we write f ∈ L2, what we mean is that there exists a universal polynomial P
with non-negative coefficients such that ‖f‖2 ≤ P (Eσ). Similar definitions for f ∈ H˙
1
2 , f ∈ L∞ etc.
This notation was used in [1] and we use it here as well as it simplifies the presentation. In order
to prove this theorem, two new weighted spaces were also introduced to simplify the calculations.
Define the spaces C and W :
(1) If w ∈ L∞ and |Dα′ |w ∈ L2, then we say w ∈ W . Define
‖w‖W = ‖w‖∞ + ‖|Dα′ |w‖2 (39)
(2) If f ∈ H˙ 12 and f |Z,α′ | ∈ L2, then we say f ∈ C. Define
‖f‖C = ‖f‖H˙ 12 +
(
1 +
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥
2
)
‖f |Z,α′ |‖2 (40)
Also define the norm ‖f‖W∩C = ‖f‖W + ‖f‖C . The main lemma governing the behavior of these
spaces is given as follows:
Lemma 4.3. The following properties hold for the spaces W and C
(1) If w1, w2 ∈ W, then w1w2 ∈ W. Moreover ‖w1w2‖W ≤ ‖w1‖W‖w2‖W
(2) If f ∈ C and w ∈ W, then fw ∈ C. Moreover ‖fw‖C . ‖f‖C‖w‖W
(3) If f, g ∈ C, then fg|Z,α′ | ∈ L2. Moreover ‖fg|Z,α′ |‖2 . ‖f‖C‖g‖C
This lemma was presented in [1] and its proof follows directly from Proposition 9.9. We will
continue to use these spaces as they are quite useful in our energy estimates.
In the proof of Theorem 4.1, several quantities were shown to be controlled by the energy Eσ.
We now list some of the quantities controlled by Eσ which we will use frequently in our energy
estimates in §5 and §6. By Proposition 6.1 of [1], the energy Eσ is equivalent to the energy Eσ and
so the following terms are also controlled by Eσ. It is important to note that as the estimates are
true for all σ ≥ 0, they are in particular true for σ = 0. We will now list all the terms controlled in
Section 5.1 in [1] which remain non-zero when we specialize to σ = 0 case.
1) Zt,α′ ∈ L2, |Dα′ |Dα′Zt ∈ L2
2) A1 ∈ L∞ ∩ H˙ 12
3) ∂α′
1
Z,α′
∈ L2, ∂α′ 1|Z,α′ | ∈ L
2, |Dα′ |ω ∈ L2 and hence ω ∈ W
4) Dα′Zt ∈ L∞, |Dα′ |Zt ∈ L∞, Dα′Zt ∈ L∞
5) D2α′Zt ∈ L2, |Dα′ |2Zt ∈ L2, D2α′Zt ∈ L2
6) Dα′Zt ∈ W ∩ C, |Dα′ |Zt ∈ W ∩ C, Dα′Zt ∈ W ∩ C
7) ∂α′PA
(
Zt
Z,α′
)
∈ L∞
8) |Dα′ |A1 ∈ L2 and hence A1 ∈ W ,
√
A1 ∈ W , 1
A1
∈ W , 1√
A1
∈ W
9) Θ ∈ L2, DtΘ ∈ L2
10)
Θ
|Z,α′ | ∈ C
11) Dα′
1
Z,α′
∈ C, |Dα′ | 1
Z,α′
∈ C, |Dα′ | 1|Z,α′ | ∈ C,
1
|Z,α′ |2
∂α′ω ∈ C
12)
1
|Z,α′ |2
∂α′A1 ∈ L∞ ∩ H˙ 12 and hence 1|Z,α′ |2
∂α′A1 ∈ C
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13)
1
|Z,α′ |3
∂2α′A1 ∈ L2, |Dα′ |
(
1
|Z,α′ |2
∂α′A1
)
∈ L2 and hence 1|Z,α′ |2
∂α′A1 ∈ W
14) bα′ ∈ L∞ ∩ H˙ 12 and H(bα′) ∈ L∞ ∩ H˙ 12
15) |Dα′ |bα′ ∈ L2 and hence bα′ ∈ W
16) ∂α′Dt
1
Z,α′
∈ L2, Dt∂α′ 1
Z,α′
∈ L2
17) Ztt,α′ ∈ L2
18) Dα′Ztt ∈ C, |Dα′ |Ztt ∈ C, DtDα′Zt ∈ C and Dt|Dα′ |Zt ∈ C
19) DtA1 ∈ L∞ ∩ H˙ 12
20) Dt(bα′ −Dα′Zt −Dα′Zt) ∈ L∞ ∩ H˙ 12 and hence Dtbα′ ∈ H˙ 12 , ∂α′Dtb ∈ H˙ 12
21) (I−H)D2tΘ ∈ L2, (I−H)D2tZt,α′ ∈ L2, (I−H)D2tDα′Zt ∈ H˙
1
2
22)
[
D2t ,
1
Z,α′
]
Zt,α′ ∈ C,
[
D2t ,
1
Z,α′
]
Zt,α′ ∈ C
23)
[
i
A1
|Z,α′ |2
∂α′ ,
1
Z,α′
]
Zt,α′ ∈ C,
[
i
A1
|Z,α′ |2
∂α′ ,
1
Z,α′
]
Zt,α′ ∈ C
24) R1 ∈ C
25) J1 ∈ L∞ ∩ H˙ 12
26) |Dα′ |J1 ∈ L2 and hence J1 ∈ W
27) R2 ∈ L2
28) J2 ∈ L2
29) (I−H)D2tDα′Zt ∈ H˙
1
2
30)
1
|Z,α′ |2
∂α′J1 ∈ H˙ 12 and hence 1|Z,α′ |2
∂α′J1 ∈ C
In addition to controlling these terms, some other estimates were also proved to prove the energy
estimate Theorem 4.1. We now give a useful lemma proved in Section 5.2 in [1].
Lemma 4.4. Let T > 0 and let f, b ∈ C2([0, T ), H2(R)) with b being real valued. Let Dt = ∂t+b∂α′ .
Then
(1)
d
dt
∫
f dα′ =
∫
Dtf dα
′ +
∫
bα′f dα
′
(2)
∣∣∣ d
dt
∫
|f |2 dα′ − 2Re
∫
f¯(Dtf) dα
′
∣∣∣ . ‖f‖22‖bα′‖∞
(3)
∣∣∣∣ ddt
∫
(|∂α′ |f¯)f dα′ − 2Re
{∫
(|∂α′ |f¯)Dtf dα′
}∣∣∣∣ . ‖f‖2H˙ 12 ‖bα′‖∞
In proving Theorem 4.1, several estimates were proven in Section 5.2.3 of [1] in order to close
the energy estimate. We now list some of them below. In the following P represents a universal
polynomial with non-negative coefficients and (Z,Zt)(t) is a solution to (8) with surface tension σ.
(1) We have the estimate∥∥∥∥Dt( √A1|Z,α′ | f¯
)
−
√
A1
|Z,α′ |Dtf¯
∥∥∥∥
H˙
1
2
. P (Eσ)
∥∥∥∥ f|Z,α′ |
∥∥∥∥
C
(41)
(2) If PHf = f then we have the estimate∥∥∥∥∥
√
A1
|Z,α′ | |∂α
′ |
( √
A1
|Z,α′ |f
)
− i A1|Z,α′ |2
∂α′f
∥∥∥∥∥
2
. P (Eσ)
{∥∥∥∥ √A1|Z,α′ |f
∥∥∥∥
H˙
1
2
+
∥∥∥∥ f|Z,α′ |
∥∥∥∥
C
}
(42)
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Finally in addition to the above estimates it was shown in Section 6 of [1] that the energies Eσ
and Eσ are equivalent.
Proposition 4.5. There exists universal polynomials P1, P2 with non-negative coefficients so that
if (Z,Zt)(t) is a smooth solution to the water wave equation (8) for σ ≥ 0 in the time interval [0, T ]
satisfying (Z,α′ − 1, 1Z,α′ − 1, Zt) ∈ L
∞([0, T ], Hs+
1
2 (R)×Hs+ 12 (R)×Hs(R)) for all s ≥ 3, then for
all t ∈ [0, T ] we have
Eσ(t) ≤ P1(Eσ(t)) and Eσ(t) ≤ P2(Eσ(t))
5. Higher order energy Ehigh
In this section we prove an apriori energy estimate for solutions of (8) for σ = 0 for the energy
Ehigh defined in §2.3. We will first construct an energy Ehigh, prove an apriori estimate for it in
Theorem 5.1 and then show in Proposition 5.2 that Ehigh and Ehigh are equivalent energies. Note
that we already have an energy estimate for σ = 0 by simply taking the special case of σ = 0 in the
energy Eσ in Theorem 4.1. The energy Ehigh is higher order than Eσ|σ=0 by half spacial derivative.
We need an estimate for a higher order norm as we will need it to control Eaux in §6 which is in
turn needed to prove Theorem 3.1.
This higher order energy Ehigh is essentially equivalent to the energy used in [22, 36], (more
precisely we do not have the dependence on the lower order term
∥∥∥ 1Z,α′ ∥∥∥∞(t) or ∣∣∣ 1Z,α′ ∣∣∣(0, t) in
the energy which they have) and in those papers an apriori estimate is already established. The
main reason we are proving an apriori estimate here is because in the proof of the energy estimate
of Ehigh, we prove several additional things such as control of several more terms (for example
|Dα′ | 1|Z,α′ | ∈ W ∩ C,
1
|Z,α′ |2 ∂α′ω ∈ W ∩ C,
1
|Z,α′ |2 ∂α′Dα′Zt ∈ C etc.) and estimates regarding the
time derivative of the energy, which are not available in [22, 36]. We need these additional estimates
in §6 to prove Theorem 6.1. An additional benefit of proving the apriori estimate is that it also
allows us to remove the dependence on lower order terms such as
∥∥∥ 1Z,α′ ∥∥∥∞(t) or ∣∣∣ 1Z,α′ ∣∣∣(0, t).
Let us now define the energy Ehigh and state the apriori estimate. Define
Ehigh = Eσ|σ=0 +
∥∥DtD2α′Zt∥∥22 + ∥∥∥∥ √A1|Z,α′ |D2α′Zt
∥∥∥∥2
H˙
1
2
(43)
Theorem 5.1. Let T > 0 and let (Z,Zt)(t) be a smooth solution to (8) with σ = 0 in the time
interval [0, T ], such that for all s ≥ 2 we have (Z,α′ − 1, 1Z,α′ − 1, Zt) ∈ L
∞([0, T ], Hs(R)×Hs(R)×
Hs+
1
2 (R)). Then supt∈[0,T ]Ehigh(t) < ∞ and there exists a universal polynomial P with non-
negative coefficients such that for all t ∈ [0, T ) we have
dEhigh(t)
dt
≤ P (Ehigh(t))
To prove this theorem, we first obtain the quasilinear equation in §5.1, then control the quantities
controlled by Ehigh in §5.2 and then finish the proof in §5.3. Finally we show in §5.4 that Ehigh and
Ehigh are equivalent energies.
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5.1. Quasilinear equation
Let us now derive the quasilinear equation relevant for the energy Ehigh. Plugging in σ = 0 in
the equation for Zt from (31) we obtain(
D2t + i
A1
|Z,α′ |2
∂α′
)
Zt = −i J1
Z,α′
with J1 defined by (30) with σ = 0, i.e. J1 = DtA1 + A1
(
bα′ −Dα′Zt −Dα′Zt
)
. Applying D2α′ to
the above equation we obtain(
D2t + i
A1
|Z,α′ |2
∂α′
)
D2α′Zt = −iD2α′
(
J1
Z,α′
)
+
[
D2t + i
A1
|Z,α′ |2
∂α′ , D
2
α′
]
Zt
Let us try to simplify the terms above. We will heavily use the commutator estimates from (22)
and also use the equation (10) for σ = 0.
a) We see that[
D2t + i
A1
|Z,α′ |2
∂α′ , Dα′
]
= Dt[Dt, Dα′ ] + [Dt, Dα′ ]Dt + [(Ztt + i)Dα′ , Dα′ ]
= −Dt{(Dα′Zt)Dα′} − (Dα′Zt)Dα′Dt − (Dα′Ztt)Dα′
= −{Dt(Dα′Zt)}Dα′ − (Dα′Zt)DtDα′ − (Dα′Zt)Dα′Dt − (Dα′Ztt)Dα′
=
{−2(Dα′Ztt) + 2(Dα′Zt)2}Dα′ − 2(Dα′Zt)Dα′Dt
b) We have the relation[
D2t + i
A1
|Z,α′ |2
∂α′ , Dα′
]
Dα′
=
{−2(Dα′Ztt) + 2(Dα′Zt)2}D2α′ − 2(Dα′Zt)Dα′DtDα′
=
{−2(Dα′Ztt) + 2(Dα′Zt)2}D2α′ − 2(Dα′Zt)Dα′{−(Dα′Zt)Dα′ +Dα′Dt}
= 2(Dα′Zt)(D
2
α′Zt)Dα′ +
{−2(Dα′Ztt) + 4(Dα′Zt)2}D2α′ − 2(Dα′Zt)D2α′Dt
c) We similarly have
Dα′
[
D2t + i
A1
|Z,α′ |2
∂α′ , Dα′
]
=
{−2(D2α′Ztt) + 4(Dα′Zt)(D2α′Zt)}Dα′ + {−2(Dα′Ztt) + 2(Dα′Zt)2}D2α′
− 2(D2α′Zt)Dα′Dt − 2(Dα′Zt)D2α′Dt
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d) Hence we have[
D2t + i
A1
|Z,α′ |2
∂α′ , D
2
α′
]
=
[
D2t + i
A1
|Z,α′ |2
∂α′ , Dα′
]
Dα′ +Dα′
[
D2t + i
A1
|Z,α′ |2
∂α′ , Dα′
]
=
{−2(D2α′Ztt) + 6(Dα′Zt)(D2α′Zt)}Dα′ + {−4(Dα′Ztt) + 6(Dα′Zt)2}D2α′
− 2(D2α′Zt)Dα′Dt − 4(Dα′Zt)D2α′Dt
e) We see that
−iD2α′
(
J1
Z,α′
)
= −iDα′
{
ω2
|Z,α′ |2
∂α′J1 + J1
(
Dα′
1
Z,α′
)}
= −iω3|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
− 2iω(Dα′ω)
(
1
|Z,α′ |2
∂α′J1
)
− i(Dα′J1)
(
Dα′
1
Z,α′
)
− iJ1
(
D2α′
1
Z,α′
)
Combining the above identities we get the equation for D2α′Zt(
D2t + i
A1
|Z,α′ |2
∂α′
)
D2α′Zt = −iω3|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
+R3 (44)
where
R3 =
{−2(D2α′Ztt) + 6(Dα′Zt)(D2α′Zt)}(Dα′Zt) + {−4(Dα′Ztt) + 6(Dα′Zt)2}(D2α′Zt)
− 2(D2α′Zt)(Dα′Ztt)− 4(Dα′Zt)(D2α′Ztt)− 2iω(Dα′ω)
(
1
|Z,α′ |2
∂α′J1
)
− i(Dα′J1)
(
Dα′
1
Z,α′
)
− iJ1
(
D2α′
1
Z,α′
) (45)
5.2. Quantities controlled by the energy Ehigh
In this section whenever we write f ∈ L2, what we mean is that there exists a universal polynomial
P with nonnegative coefficients such that ‖f‖2 ≤ P (Ehigh). Similar definitions for f ∈ H˙
1
2 , f ∈ L∞,
f ∈ C or f ∈ W where the definitions for the spaces C and W are as in (39),(40). Note that Ehigh
controls the energy Eσ|σ=0 and hence we already have control of a lot of quantities as listed in §4.3.
We will freely use the quantities controlled by Eσ|σ=0 to prove the above theorem. In particular
we will also be making use of Lemma 4.3. Let us now establish the quantities controlled by Ehigh
which are not controlled by Eσ|σ=0.
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1) DtD
2
α′Zt ∈ L2, D2α′Ztt ∈ L2, |Dα′ |2Ztt ∈ L2 and D2α′Ztt ∈ L2, |Dα′ |DtDα′Zt ∈ L2
Proof: We see that DtD
2
α′Zt =
[
Dt, D
2
α′
]
Zt +D
2
α′Ztt
= Dα′
{−(Dα′Zt)Dα′Zt}− (Dα′Zt)D2α′Zt +D2α′Ztt
= −(D2α′Zt)Dα′Zt − 2(Dα′Zt)D2α′Zt +D2α′Ztt
Now DtD
2
α′Zt ∈ L2 as it part of the energy and hence we have∥∥D2α′Ztt∥∥2 . ∥∥DtD2α′Zt∥∥2 + ∥∥D2α′Zt∥∥2∥∥Dα′Zt∥∥∞ + ∥∥D2α′Zt∥∥2‖Dα′Zt‖∞
Now we observe that
D2α′Ztt = Dα′
(
ω|Dα′ |Ztt
)
= ω(|Dα′ |ω)|Dα′ |Ztt + ω2|Dα′ |2Ztt
Hence from Lemma 4.3 we have∥∥|Dα′ |2Ztt∥∥2 . ∥∥D2α′Ztt∥∥2 + ∥∥∥∥ 1|Z,α′ |2 ∂α′ω
∥∥∥∥
C
∥∥|Dα′ |Ztt∥∥C
The terms D2α′Ztt ∈ L2, |Dα′ |DtDα′Zt ∈ L2 are proven similarly.
2) Dα′Ztt ∈ W ∩ C, |Dα′ |Ztt ∈ W ∩ C and Dα′Ztt ∈ W ∩ C
Proof: We already know that Dα′Ztt ∈ C and D2α′Ztt ∈ L2. Hence using f = Dα′Ztt and
w = 1Z,α′
in Proposition 9.8 we obtain∥∥Dα′Ztt∥∥2∞ . ∥∥Ztt,α′∥∥2∥∥D2α′Ztt∥∥2
Hence Dα′Ztt ∈ W . We also have from Lemma 4.3 that
∥∥|Dα′ |Ztt∥∥W∩C . ‖ω‖W∥∥Dα′Ztt∥∥W∩C .
The proof of Dα′Ztt ∈ W ∩ C is done similarly.
3) |Dα′ | 1
Z,α′
∈ L∞, |Dα′ | 1|Z,α′ | ∈ L
∞ and
1
|Z,α′ |2
∂α′ω ∈ L∞
Proof: We observe from (10) that Ztt − i = −i A1
Z,α′
and hence we have
|Dα′ |Ztt = −i ω|Z,α′ |2
∂α′A1 − iA1|Dα′ | 1
Z,α′
As A1 ≥ 1 we have ∥∥∥∥|Dα′ | 1Z,α′
∥∥∥∥
∞
.
∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥
∞
+
∥∥|Dα′ |Ztt∥∥∞
Hence |Dα′ | 1
Z,α′
∈ L∞. Now using (16) we see that
Re
(
Dα′
1
Z,α′
)
= |Dα′ | 1|Z,α′ | Im
(
Dα′
1
Z,α′
)
= i
(
ω
|Z,α′ |2
∂α′ω
)
Hence we obtain |Dα′ | 1|Z,α′ | ∈ L
∞ and
1
|Z,α′ |2
∂α′ω ∈ L∞
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4) |Dα′ |2 1
Z,α′
∈ L2, D2α′
1
Z,α′
∈ L2 and similarly |Dα′ |2 1|Z,α′ | ∈ L
2,
1
|Z,α′ |3
∂3α′ω ∈ L2. We also
have
1
|Z,α′ |2
∂2α′
1
Z,α′
∈ L2, 1|Z,α′ |2
∂α′Θ ∈ L2
Proof: From (10) we have Ztt − i = −i A1
Z,α′
and hence
|Dα′ |2Ztt
= |Dα′ |
(
−i ω|Z,α′ |2
∂α′A1 − iA1|Dα′ | 1
Z,α′
)
= −iω|Dα′ |
(
1
|Z,α′ |2
∂α′A1
)
− i(|Dα′ |ω)
(
1
|Z,α′ |2
∂α′A1
)
− i(|Dα′ |A1)
(
|Dα′ | 1
Z,α′
)
− iA1|Dα′ |2 1
Z,α′
As A1 ≥ 1 we see that∥∥∥∥|Dα′ |2 1Z,α′
∥∥∥∥
2
.
∥∥|Dα′ |2Ztt∥∥2 + ∥∥∥∥|Dα′ |( 1|Z,α′ |2 ∂α′A1
)∥∥∥∥
2
+ ‖|Dα′ |ω‖2
∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥
∞
+ ‖|Dα′ |A1‖2
∥∥∥∥|Dα′ | 1Z,α′
∥∥∥∥
∞
Now we see that
D2α′
1
Z,α′
= Dα′
(
ω|Dα′ | 1
Z,α′
)
= ω(|Dα′ |ω)|Dα′ | 1
Z,α′
+ ω2|Dα′ |2 1
Z,α′
Hence we have ∥∥∥∥D2α′ 1Z,α′
∥∥∥∥
2
. ‖Dα′ω‖2
∥∥∥∥|Dα′ | 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥|Dα′ |2 1Z,α′
∥∥∥∥
2
Now using the formula (16) we have
Re
(
Dα′
1
Z,α′
)
= |Dα′ | 1|Z,α′ | Im
(
Dα′
1
Z,α′
)
= i
(
ω
|Z,α′ |2
∂α′ω
)
Hence we have∥∥∥∥|Dα′ |2 1|Z,α′ |
∥∥∥∥
2
. ‖|Dα′ |ω‖2
∥∥∥∥|Dα′ | 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥|Dα′ |2 1Z,α′
∥∥∥∥
2∥∥∥∥ 1|Z,α′ |3 ∂2α′ω
∥∥∥∥
2
.
∥∥|Dα′ |ω∥∥2∥∥∥∥|Dα′ | 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥|Dα′ |2 1Z,α′
∥∥∥∥
2
+ ‖|Dα′ |ω‖2
∥∥∥∥ 1|Z,α′ |2 ∂α′ω
∥∥∥∥
∞
+
∥∥∥∥|Dα′ | 1|Z,α′ |
∥∥∥∥
∞
∥∥|Dα′ |ω∥∥2
We also see that
|Dα′ |2 1
Z,α′
= |Dα′ |
(
1
|Z,α′ |∂α
′
1
Z,α′
)
=
(
|Dα′ | 1|Z,α′ |
)
∂α′
1
Z,α′
+
1
|Z,α′ |2
∂2α′
1
Z,α′
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Hence we have∥∥∥∥∥ 1|Z,α′ |2 ∂2α′ 1Z,α′
∥∥∥∥∥
2
.
∥∥∥∥|Dα′ | 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
+
∥∥∥∥|Dα′ |2 1Z,α′
∥∥∥∥
2
Now recall the formula of Θ from (26)
Θ = i
Z,α′
|Z,α′ |∂α
′
1
Z,α′
− iRe(I−H)
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
We have∥∥∥∥∥ 1|Z,α′ |2 ∂α′
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)∥∥∥∥∥
2
.
∥∥∥∥∥ 1|Z,α′ |2 ∂α′ω
∥∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
+
∥∥∥∥∥ 1|Z,α′ |2 ∂2α′ 1Z,α′
∥∥∥∥∥
2
and hence from Proposition 9.5 we obtain∥∥∥∥∥ 1|Z,α′ |2 ∂α′Θ
∥∥∥∥∥
2
.
∥∥∥∥|Dα′ | 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
+
∥∥∥∥∥ 1|Z,α′ |2 ∂α′
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)∥∥∥∥∥
2
5) |Dα′ | 1
Z,α′
∈ W ∩ C, |Dα′ | 1|Z,α′ | ∈ W ∩ C and
1
|Z,α′ |2
∂α′ω ∈ W ∩ C
Proof: The inclusion in C is known as it is part of energy estimate for Eσ for σ = 0. Now
we have already shown that all the quantities are in L∞ and using the above estimates like
|Dα′ |2 1
Z,α′
∈ L2 we are done.
6) Dtbα′ ∈ L∞, ∂α′Dtb ∈ L∞
Proof: We already know that Eσ|σ=0 controls Dt(bα′ −Dα′Zt −Dα′Zt) ∈ L∞. Now
DtDα′Zt = −(Dα′Zt)2 +Dα′Ztt
and hence as Dα′Zt ∈ L∞, Dα′Ztt ∈ L∞ we have DtDα′Zt ∈ L∞. Hence we have Dtbα′ ∈ L∞.
We now have ∂α′Dtb = b
2
α′ +Dtbα′ and as bα′ ∈ L∞ we see that ∂α′Dtb ∈ L∞.
7)
1
|Z,α′ |D
2
α′Zt ∈ C,
1
|Z,α′ |2
∂α′Dα′Zt ∈ C, 1|Z,α′ |3
∂α′Zt,α′ ∈ C and 1|Z,α′ |2
∂α′Dα′Zt ∈ C and
similarly D2tDα′Zt ∈ C
Proof: From the energy we know that
√
A1
|Z,α′ |D
2
α′Zt ∈ H˙
1
2 . Hence as
√
A1D
2
α′Zt ∈ L2 we see
that
√
A1
|Z,α′ |D
2
α′Zt ∈ C. Hence from Lemma 4.3 we see that∥∥∥∥ 1|Z,α′ |D2α′Zt
∥∥∥∥
C
.
∥∥∥∥ √A1|Z,α′ |D2α′Zt
∥∥∥∥
C
∥∥∥∥ 1√A1
∥∥∥∥
W
As ω ∈ W we again get from Lemma 4.3 that 1|Z,α′ |2
∂α′Dα′Zt ∈ C. Now
1
|Z,α′ |D
2
α′Zt =
(
Dα′
1
Z,α′
)
|Dα′ |Zt + ω
2
|Z,α′ |3
∂α′Zt,α′
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Hence from Lemma 4.3 we have∥∥∥∥ 1|Z,α′ |3 ∂α′Zt,α′
∥∥∥∥
C
. ‖ω‖2W
∥∥∥∥ 1|Z,α′ |D2α′Zt
∥∥∥∥
C
+ ‖ω‖2W
∥∥∥∥Dα′ 1Z,α′
∥∥∥∥
C
∥∥|Dα′ |Zt∥∥W
Now we see that
1
|Z,α′ |2
∂α′Dα′Zt =
(
|Dα′ | 1
Z ,α′
)
|Dα′ |Zt + ω|Z,α′ |3
∂α′Zt,α′
Hence by using Lemma 4.3 we obtain∥∥∥∥∥ 1|Z,α′ |2 ∂α′Dα′Zt
∥∥∥∥∥
C
.
∥∥∥∥|Dα′ | 1Z ,α′
∥∥∥∥
C
∥∥|Dα′ |Zt∥∥W + ‖w‖W
∥∥∥∥∥ 1|Z,α′ |3 ∂α′Zt,α′
∥∥∥∥∥
C
Now we recall the equation for Dα′Zt for σ = 0 from (33) and (34)(
D2t + i
A1
|Z,α′ |2
∂α′
)
Dα′Zt = −2(Dα′Zt)(DtDα′Zt)− i
(
Dα′
1
Z,α′
)
J1 − i 1|Z,α′ |2
∂α′J1
Hence from Lemma 4.3 we have∥∥D2tDα′Zt∥∥C . ‖A1‖W
∥∥∥∥∥ 1|Z,α′ |2 ∂α′Dα′Zt
∥∥∥∥∥
C
+
∥∥Dα′Zt∥∥W∥∥DtDα′Zt∥∥C
+
∥∥∥∥Dα′ 1Z,α′
∥∥∥∥
C
‖J1‖W +
∥∥∥∥∥ 1|Z,α′ |2 ∂α′J1
∥∥∥∥∥
C
8) (I−H)D2tD2α′Zt ∈ L2
Proof: For a function f satisfying PAf = 0 we have from Proposition 9.1
(I−H)D2t f = [Dt,H]Dtf +Dt[Dt,H]f
= [b,H]∂α′Dtf +Dt[b,H]∂α′f
= 2[b,H]∂α′Dtf + [Dtb,H]∂α′f − [b, b; ∂α′f ]
As PAD
2
α′Zt = 0 we obtain from Proposition 9.5 and Proposition 9.7∥∥(I−H)D2tD2α′Zt∥∥2 . ‖bα′‖∞∥∥DtD2α′Zt∥∥2 + ‖∂α′Dtb‖H˙ 12 ∥∥D2α′Zt∥∥2 + ‖bα′‖2∞∥∥D2α′Zt∥∥2
9) (I−H)
(
i
A1
|Z,α′ |2
∂α′D
2
α′Zt
)
∈ L2
Proof: We see that
(I−H)
(
i
A1
|Z,α′ |2
∂α′D
2
α′Zt
)
= i
[
A1
|Z,α′ |2
,H
]
∂α′D
2
α′Zt
and hence we have from Proposition 9.5∥∥∥∥∥(I−H)
(
i
A1
|Z,α′ |2
∂α′D
2
α′Zt
)∥∥∥∥∥
2
.
∥∥D2α′Zt∥∥2
{∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥
∞
+ ‖A1‖∞
∥∥∥∥|Dα′ | 1|Z,α′ |
∥∥∥∥
∞
}
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10) R3 ∈ L2
Proof: We recall from (45) the formula of R3
R3 =
{−2(D2α′Ztt) + 6(Dα′Zt)(D2α′Zt)}(Dα′Zt) + {−4(Dα′Ztt) + 6(Dα′Zt)2}(D2α′Zt)
− 2(D2α′Zt)(Dα′Ztt)− 4(Dα′Zt)(D2α′Ztt)− 2iω(Dα′ω)
(
1
|Z,α′ |2
∂α′J1
)
− i(Dα′J1)
(
Dα′
1
Z,α′
)
− iJ1
(
D2α′
1
Z,α′
)
Hence using Lemma 4.3 we easily have the estimate
‖R3‖2
.
{∥∥D2α′Ztt∥∥2 + ‖Dα′Zt‖∞∥∥D2α′Zt∥∥2}∥∥Dα′Zt∥∥∞ + {‖Dα′Ztt‖∞ + ‖Dα′Zt‖2∞}∥∥D2α′Zt∥∥2
+
∥∥D2α′Zt∥∥2∥∥Dα′Ztt∥∥∞ + ‖Dα′Zt‖∞∥∥D2α′Ztt∥∥2 +
∥∥∥∥∥ 1|Z,α′ |2 ∂α′ω
∥∥∥∥∥
C
∥∥∥∥ 1|Z,α′ |2 ∂α′J1
∥∥∥∥
C
+ ‖Dα′J1‖2
∥∥∥∥Dα′ 1Z,α′
∥∥∥∥
∞
+ ‖J1‖∞
∥∥∥∥D2α′ 1Z,α′
∥∥∥∥
2
11) |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
∈ L2 and hence 1|Z,α′ |2
∂α′J1 ∈ L∞
Proof: As J1 is real valued we have
|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
= Re(I−H)
{
1
|Z,α′ |∂α
′
(
1
|Z,α′ |2
∂α′J1
)}
= Re
{[
1
|Z,α′ | ,H
]
∂α′
(
1
|Z,α′ |2
∂α′J1
)
− ω3
[
ω3
|Z,α′ | ,H
]
∂α′
(
1
|Z,α′ |2
∂α′J1
)}
+Re
{
ω3(I−H)
{
ω3
|Z,α′ |∂α
′
(
1
|Z,α′ |2
∂α′J1
)}}
Now applying (I−H) on the equation for D2α′Zt from (44) we obtain∥∥∥∥∥(I− H)
{
ω3|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)}∥∥∥∥∥
2
.
∥∥(I−H)D2tD2α′Zt∥∥2 + ‖R3‖2
+
∥∥∥∥∥(I−H)
(
i
A1
|Z,α′ |2
∂α′D
2
α′Zt
)∥∥∥∥∥
2
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Hence we have from Proposition 9.5∥∥∥∥∥|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)∥∥∥∥∥
2
.
{∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥
2
+ ‖|Dα′ |ω‖2
}∥∥∥∥∥ 1|Z,α′ |2 ∂α′J1
∥∥∥∥∥
H˙
1
2
+
∥∥∥∥∥(I−H)
{
ω3|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)}∥∥∥∥∥
2
Now we just use Proposition 9.8 with the functions f =
1
|Z,α′ |2
∂α′J1 and w =
1
|Z,α′ | and we
easily get that
1
|Z,α′ |2
∂α′J1 ∈ L∞
5.3. Closing the energy estimate for Ehigh
We now complete the proof of Theorem 5.1. To simplify the calculations, we will continue to
use the notation used in §5.2 and introduce another notation: If a(t), b(t) are functions of time
we write a ≈ b if there exists a universal polynomial P with non-negative coefficients such that
|a(t)− b(t)| ≤ P (Ehigh(t)). Observe that ≈ is an equivalence relation. With this notation, proving
Theorem 5.1 is equivalent to showing
dEhigh(t)
dt ≈ 0.
Now we know from Theorem 4.1 that
dEσ(t)
dt
≤ P (Eσ(t))
and hence this is true for σ = 0 with the same polynomial P . Hence we have
d(Eσ |σ=0)(t)
dt
≤ P ((Eσ |σ=0)(t)) ≤ P (Ehigh(t))
Hence we only need to control the time derivative of Ehigh − Eσ|σ=0. Hence
dEhigh(t)
dt
≈ d
dt
{∫ ∣∣DtD2α′Zt∣∣2 dα′ + ∫ ∣∣∣∣|∂α′ | 12( √A1|Z,α′ |D2α′Zt
)∣∣∣∣2 dα′
}
The right hand side is the time derivative of∫
|Dtf |2dα′ +
∫ ∣∣∣∣|∂α′ | 12( √A1|Z,α′ |f
)∣∣∣∣2dα′
where f = D2α′Zt and we have PHf = f . Now by using Lemma 4.4 we see that
dEhigh(t)
dt
≈ 2Re
{∫
(Dtf¯)(D
2
t f) dα
′ +
∫ {
|∂α′ |
( √
A1
|Z,α′ |f
)}
Dt
( √
A1
|Z,α′ | f¯
)
dα′
}
Now using (41) we obtain
dEhigh(t)
dt
≈ 2Re
{∫
(Dtf¯)(D
2
t f) dα
′ +
∫ { √
A1
|Z,α′ | |∂α
′ |
( √
A1
|Z,α′ |f
)}
(Dtf¯) dα
′
}
Now using (42) and combing terms we get
dEhigh(t)
dt
≈ 2Re
∫ (
D2t f + i
A1
|Z,α′ |2
∂α′f
)
(Dtf¯) dα
′
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As Dtf = DtD
2
α′Zt ∈ L2 we only need to show that the other term in in L2. Now the equation for
D2α′Zt from (44) implies(
D2t + i
A1
|Z,α′ |2
∂α′
)
D2α′Zt = −iω3|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
+R3
As we have already shown that |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
∈ L2 and R3 ∈ L2, this implies that the right
hand side of the above equation is in L2 and the proof of Theorem 5.1 is complete.
5.4. Equivalence of Ehigh and Ehigh
We now give a simpler description of the energy Ehigh. Recall the definition of Ehigh from §3.1
Ehigh =
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥2
2
+
∥∥∥∥∥ 1Z2,α′ ∂2α′ 1Z,α′
∥∥∥∥∥
2
2
+
∥∥Zt,α′∥∥22 +
∥∥∥∥∥ 1Z2,α′ ∂α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z3,α′ ∂α′Zt,α′
∥∥∥∥∥
2
H˙
1
2
Proposition 5.2. There exists universal polynomials P1, P2 with non-negative coefficients so that
if (Z,Zt)(t) is a smooth solution to the water wave equation (8) with σ = 0 in the time interval
[0, T ] satisfying (Z,α′ − 1, 1Z,α′ − 1, Zt) ∈ L
∞([0, T ], Hs(R)×Hs(R)×Hs+ 12 (R)) for all s ≥ 2, then
for all t ∈ [0, T ] we have
Ehigh(t) ≤ P1(Ehigh(t)) and Ehigh(t) ≤ P2(Ehigh(t))
Proof. Let Ehigh(t) < ∞ and recall the definition of Ehigh, Ehigh from (43), (12) respectively. As
Ehigh controls Eσ|σ=0, we see from Proposition 4.5 that we already have control over Eσ|σ=0. Now
from §5.2 we have that
∥∥∥∥ 1Z2,α′ ∂2α′ 1Z,α′
∥∥∥∥
2
. P2(Ehigh(t)). The last term to control is
1
Z3,α′
∂α′Zt,α′ ,
which can be easily controlled in H˙
1
2 by using Lemma 4.3∥∥∥∥∥ 1Z3,α′ ∂α′Zt,α′
∥∥∥∥∥
C
. ‖ω‖3W
∥∥∥∥∥ 1|Z,α′ |3 ∂α′Zt,α′
∥∥∥∥∥
C
. P2(Ehigh(t))
Now we assume that Ehigh(t) < ∞. We use Proposition 9.8 with f = Dα′ 1
Z,α′
and w =
1
Z,α′
to
obtain ∥∥∥∥Dα′ 1Z,α′
∥∥∥∥2
L∞∩H˙ 12
.
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
∥∥∥∥∥∂α′
(
1
Z2,α′
∂α′
1
Z,α′
)∥∥∥∥∥
2
+
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥4
2
.
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥2
2
∥∥∥∥Dα′ 1Z,α′
∥∥∥∥
L∞∩H˙ 12
+
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
∥∥∥∥∥ 1Z2,α′ ∂2α′ 1Z,α′
∥∥∥∥∥
2
+
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥4
2
Now use the inequality ab ≤ a22ǫ + ǫb
2
2 on the first term to obtain
∥∥∥∥Dα′ 1Z,α′
∥∥∥∥
L∞∩H˙ 12
. P1(Ehigh(t)).
Hence we see that Eσ|σ=0 is controlled by Ehigh and hence by Proposition 4.5 we know that Eσ|σ=0
is controlled. Hence we only need to control the last two terms of Ehigh from (43). Now following
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the proof of
1
|Z,α′ |2
∂2α′
1
Z,α′
∈ L2 in §5.2 we see that
∥∥∥|Dα′ |2Ztt∥∥∥
2
. P1(Ehigh(t)). Following the
proof of |Dα′ |2Ztt ∈ L2 in §5.2, we see that
∥∥DtD2α′Zt∥∥2 . P1(Ehigh(t)).
We now observe from Lemma 4.3 that∥∥∥∥∥ 1|Z,α′ |3 ∂α′Zt,α′
∥∥∥∥∥
C
. ‖ω‖3W
∥∥∥∥∥ 1Z3,α′ ∂α′Zt,α′
∥∥∥∥∥
C
. P1(Ehigh(t))
Now by following the proof of
1
|Z,α′ |3
∂α′Zt,α′ ∈ C in §5.2, we see that
∥∥∥∥ 1|Z,α′ |D2α′Zt
∥∥∥∥
C
. P1(Ehigh(t)).
Hence we have from Lemma 4.3∥∥∥∥ √A1|Z,α′ |D2α′Zt
∥∥∥∥
C
.
∥∥∥√A1∥∥∥W
∥∥∥∥ 1|Z,α′ |D2α′Zt
∥∥∥∥
C
. P1(Ehigh(t))
This proves the proposition. 
6. Auxiliary energy Eaux
In this section we again consider a solution to the water wave equation with zero surface tension
and prove an apriori energy estimate for the energy Eaux defined in (13). More precisely we show
that as long as Ehigh is controlled, the energy Eaux is also controlled. To prove this, we first define
an energy Eaux, prove an apriori estimate for it in Theorem 6.1 and then in Proposition 6.4 show
that the energies Eaux and Eaux are equivalent.
The energy Eaux is used in the definition of the energy E∆ in §3.1 and is used crucially in the
proof of Theorem 3.1. We refer to §3.2 to the discussion regarding the necessity of having the energy
Eaux as part of the energy E∆ and how it is used.
Let us now define the energy Eaux and state out main result for this section. Define
Eaux =
∥∥∥∥|Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥2
∞
+
∥∥∥∥∥ 1Z1/2,α′ ∂α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z1/2,α′ ∂2α′
1
Z,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z1/2,α′ ∂α′D2α′Zt
∥∥∥∥∥
2
2
+
∥∥∥∥∥Dt
(
1
Z
1/2
,α′
∂α′D
2
α′Zt
)∥∥∥∥∥
2
2
+
∥∥∥∥∥
√
A1
|Z,α′ |
(
1
Z
1/2
,α′
∂α′D
2
α′Zt
)∥∥∥∥∥
2
H˙
1
2
(46)
Theorem 6.1. Let T, λ > 0 and let (Z,Zt)(t) be a smooth solution to (8) with σ = 0 in the time
interval [0, T ], such that for all s ≥ 2 we have (Z,α′ − 1, 1Z,α′ − 1, Zt) ∈ L
∞([0, T ], Hs(R)×Hs(R)×
Hs+
1
2 (R)). Then supt∈[0,T ] Ehigh(t) < ∞, supt∈[0,T ]Eaux(t) < ∞ and there exists a universal
polynomial P with non-negative coefficients such that for all t ∈ [0, T ) we have
d
dt
(λEaux(t)) ≤ P (Ehigh(t))(λEaux(t)) (47)
Remark 6.2. Similar to the case of energy Eσ as mentioned in Remark 4.2, the energy Eaux contains
a term which is the L∞ norm of a function and hence for this term we replace the time derivative
by the upper Dini derivative.
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Note that in the above result, the constant λ > 0 does not actually play any role and one can
simply rewrite (47) as
d
dt
Eaux(t) ≤ P (Ehigh(t))Eaux(t)
The reason we add a λ to the energy estimate (47), is that later on we will need to replace this λ
by σ which denotes the surface tension of solution A in Theorem 3.1. Another important reason is
that having a λ makes the proof of the Theorem 6.1 more readable, as we will have lots of terms
of both Ehigh and Eaux showing up in the proof of Theorem 6.1, and the constant λ will help us
distinguish whether the term corresponds to Ehigh or Eaux.
We employ a similar strategy to prove this theorem as we used to prove Theorem 5.1. To prove
this theorem, we first obtain the quasilinear equation in §6.1, then control the quantities controlled
by λEaux in §6.2 and then finish the proof in §6.3. Finally we show in §6.4 that Eaux and Eaux are
equivalent energies.
6.1. Quasilinear equation
Let us recall the equation of D2α′Zt from (44)(
D2t + i
A1
|Z,α′ |2
∂α′
)
D2α′Zt = −iω3|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
+R3
with R3 as given in (45) along with the identities J1 = DtA1 + A1
(
bα′ −Dα′Zt −Dα′Zt
)
and
Ztt− i = −i A1
Z,α′
from (30) and (10) respectively. Applying λ
1
2
Z
1/2
,α′
∂α′ to the above equation we obtain
(
D2t + i
A1
|Z,α′ |2
∂α′
)
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt = −iω3
λ
1
2
Z
1/2
,α′
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
+R4
where
R4 = −3iω2
(
λ
1
2
Z
1/2
,α′
∂α′ω
)
|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
+
λ
1
2
Z
1/2
,α′
∂α′R3
+
[
D2t + i
A1
|Z,α′ |2
∂α′ ,
λ
1
2
Z
1/2
,α′
∂α′
]
D2α′Zt
Let us try to simplify the terms above
a) Dt
1
Z
1/2
,α′
=
−1
2Z
3/2
,α′
DtZ,α′ =
−1
2Z
1/2
,α′
(Dα′Zt − bα′)
b) ∂α′
1
Z
1/2
,α′
=
1
2
Z
1/2
,α′ ∂α′
1
Z,α′
=
(
1
2
Z,α′∂α′
1
Z,α′
)
1
Z
1/2
,α′
c)
[
λ
1
2
Z
1/2
,α′
∂α′ , Dt
]
=
λ
1
2
Z
1/2
,α′
[∂α′ , Dt] +
[
λ
1
2
Z
1/2
,α′
, Dt
]
∂α′ =
(
bα′
2
+
Dα′Zt
2
)
λ
1
2
Z
1/2
,α′
∂α′
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d)
[
λ
1
2
Z
1/2
,α′
∂α′ , D
2
t
]
= Dt
[
λ
1
2
Z
1/2
,α′
∂α′ , Dt
]
+
[
λ
1
2
Z
1/2
,α′
∂α′ , Dt
]
Dt
=
{
Dtbα′
2
+
DtDα′Zt
2
−
(
bα′
2
+
Dα′Zt
2
)2}
λ
1
2
Z
1/2
,α′
∂α′ + (bα′ +Dα′Zt)
λ
1
2
Z
1/2
,α′
∂α′Dt
e)
[
λ
1
2
Z
1/2
,α′
∂α′ , i
A1
|Z,α′ |2
∂α′
]
=
{
2iA1
(
|Dα′ | 1|Z,α′ |
)
+
i
|Z,α′ |2
∂α′A1 − iA1
2
(
Dα′
1
Z,α′
)}
λ
1
2
Z
1/2
,α′
∂α′
Combining the above formulae we have(
D2t + i
A1
|Z,α′ |2
∂α′
)
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt = −iω3
λ
1
2
Z
1/2
,α′
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
+R4 (48)
where
R4 = −
{
Dtbα′
2
+
DtDα′Zt
2
−
(
bα′
2
+
Dα′Zt
2
)2}
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt +
λ
1
2
Z
1/2
,α′
∂α′R3
−
{
2iA1
(
|Dα′ | 1|Z,α′ |
)
+
i
|Z,α′ |2
∂α′A1 − iA1
2
(
Dα′
1
Z,α′
)}
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
− 3iω2
(
λ
1
2
Z
1/2
,α′
∂α′ω
)
|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
− (bα′ +Dα′Zt) λ
1
2
Z
1/2
,α′
∂α′DtD
2
α′Zt
(49)
and R3 is as defined in (45).
6.2. Quantities controlled by the energy λEaux
In this section whenever we write f ∈ L2λα , what we mean is that there exists a universal
polynomial P with nonnegative coefficients such that ‖f‖2 ≤ (λEaux)αP (Ehigh). Similar definitions
for f ∈ H˙
1
2
λα and f ∈ L∞λα . We define the spaces Cλα and Wλα as follows
(1) If w ∈ L∞λα and |Dα′ |w ∈ L2λα , then we say f ∈ Wλα . Define
‖w‖Wλα = ‖w‖W = ‖w‖∞ + ‖|Dα′ |w‖2
(2) If f ∈ H˙
1
2
λα and f |Z,α′ | ∈ L2λα , then we say f ∈ Cλα . Define
‖f‖Cλα = ‖f‖C = ‖f‖H˙ 12 +
(
1 +
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥
2
)
‖f |Z,α′ |‖2
Analogous to Lemma 4.3 we have the following lemma
Lemma 6.3. Let α1, α2, α3 ≥ 0 with α1 + α2 = α3. Then the following properties hold for the
spaces Wλα and Cλα
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(1) If w1 ∈ Wλα1 , w2 ∈ Wλα2 , then w1w2 ∈ Wλα3 . Moreover we have the estimate ‖w1w2‖Wλα3 .
‖w1‖Wλα1 ‖w2‖Wλα2
(2) If f ∈ Cλα1 and w ∈ Wλα2 , then fw ∈ Cλα3 . Moreover ‖fw‖Cλα3 . ‖f‖Cλα1 ‖w‖Wλα2
(3) If f ∈ Cλα1 , g ∈ Cλα2 , then fg|Z,α′ | ∈ L2λα3 . Moreover ‖fg|Z,α′ |‖2 . ‖f‖Cλα1 ‖g‖Cλα2
When we write f ∈ L2 we mean f ∈ L2λα with α = 0. Similar notation for H˙
1
2 , L∞, C and W .
This notation is now consistent with the notation used in §5.2. Let us now control the important
terms controlled by the energy λEaux.
1) λ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
∈ L∞√
λ
, λ
1
2 |Z,α′ |
1
2 ∂α′
1
|Z,α′ | ∈ L
∞√
λ
and
λ
1
2
|Z,α′ |
1
2
∂α′ω ∈ L∞√λ
Proof: From the energy we already know that λ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
∈ L∞√
λ
. Hence we easily have
λ
1
2 ∂α′
1
Z
1/2
,α′
∈ L∞√
λ
. Recall from (16) that
Re
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= ∂α′
1
|Z,α′ | Im
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= i(ω|Dα′ |ω)
Hence we obtain λ
1
2 |Z,α′ |
1
2 ∂α′
1
|Z,α′ | ∈ L
∞√
λ
and
λ
1
2
|Z,α′ |
1
2
∂α′ω ∈ L∞√λ
2)
λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∈ L2√
λ
,
λ
1
2
|Z,α′ |
1
2
∂2α′
1
|Z,α′ | ∈ L
2√
λ
and
λ
1
2
|Z,α′ |
3
2
∂2α′ω ∈ L2√λ and hence we have that
λ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
∈ W√λ, λ
1
2 |Z,α′ |
1
2 ∂α′
1
|Z,α′ | ∈ W
√
λ and
λ
1
2
|Z,α′ |
1
2
∂α′ω ∈ W√λ
Proof: Observe that
λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∈ L2√
λ
as it is part of the energy. Recall from (16) that
Re
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= ∂α′
1
|Z,α′ | Im
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= i(ω|Dα′ |ω)
Hence taking derivatives we obtain∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
|Z,α′ |
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′ω
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
{∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
+ ‖|Dα′ |ω‖2
}
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
We also see that∥∥∥∥|Dα′ |(λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
)∥∥∥∥
2
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
Hence λ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
∈ W√λ. The rest are proven similarly.
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3)
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt ∈ L2√λ,
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt ∈ L2√λ,
λ
1
2
|Z,α′ |
5
2
∂2α′Zt,α′ ∈ L2√λ and similarly we have
λ
1
2
|Z,α′ |
3
2
∂2α′Dα′Zt ∈ L2√λ,
λ
1
2
|Z,α′ |
3
2
∂2α′Dα′Zt ∈ L2√λ and
λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt ∈ L2√λ
Proof: We already have
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt ∈ L2√λ as it is part of the energy. We now have
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt =
(
λ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
(|Dα′ |Dα′Zt) + λ
1
2
Z,α′ |Z,α′ |
1
2
∂2α′Dα′Zt
and hence∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′Dα′Zt
∥∥∥∥∥
2
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
∥∥|Dα′ |Dα′Zt∥∥2 +
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
Now we have
λ
1
2
|Z,α′ |
3
2
∂2α′Dα′Zt =
(
λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
)
|Dα′ |Zt + 2
(
λ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
)(
1
|Z,α′ |2
∂α′Zt,α′
)
+
λ
1
2
Z,α′ |Z,α′ |
3
2
∂2α′Zt,α′
From this we obtain∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′Zt,α′
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
∥∥|Dα′ |Zt∥∥∞ + ∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
∥∥∥∥∥ 1|Z,α′ |2 ∂α′Zt,α′
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′Dα′Zt
∥∥∥∥∥
2
Hence we have
λ
1
2
|Z,α′ |
5
2
∂2α′Zt,α′ ∈ L2√λ. By taking conjugation and retracing the steps backwards
we easily obtain the other estimates
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt ∈ L2√λ,
λ
1
2
|Z,α′ |
3
2
∂2α′Dα′Zt ∈ L2√λ and
λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt ∈ L2√λ.
4)
λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′ ∈ W√λ ∩ C√λ,
λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt ∈ W√λ ∩ C√λ,
λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt ∈ W√λ ∩ C√λ
and similarly
λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Zt ∈ W√λ ∩ C√λ
WATER WAVES 35
Proof: We first see that∥∥∥∥∥∂α′
(
λ
1
2
|Z,α′ |
5
2
∂α′Zt,α′
)∥∥∥∥∥
2
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∥ 1|Z,α′ |2 ∂α′Zt,α′
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′Zt,α′
∥∥∥∥∥
2
Now using Proposition 9.8 with f =
λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′ and w =
1
|Z,α′ | we see that
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
∥∥∥∥∥
2
L∞∩H˙ 12
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
∥∥∥∥∥
2
∥∥∥∥∥∂α′
(
λ
1
2
|Z,α′ |
5
2
∂α′Zt,α′
)∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
∥∥∥∥∥
2
2
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥2
2
As |Z,α′ |f ∈ L2√λ we have
λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′ ∈ W√λ ∩ C√λ. Now we have
λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt =
(
λ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
|Dα′ |Zt + λ
1
2
Z,α′ |Z,α′ |
1
2
∂α′Zt,α′
Hence from Lemma 6.3 we have∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
W√λ∩C√λ
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
W√λ
∥∥|Dα′ |Zt∥∥W∩C
+ ‖ω‖W
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
∥∥∥∥∥
W√λ∩C√λ
The estimates
λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt ∈ W√λ ∩ C√λ,
λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Zt ∈ W√λ ∩ C√λ are proven
similarly.
5)
λ
1
2
|Z,α′ |
1
2
∂α′A1 ∈ W√λ
Proof: The proofs for
λ
1
2
|Z,α′ |
1
2
∂α′A1 ∈ L∞√λ and
λ
1
2
|Z,α′ |
3
2
∂2α′A1 ∈ L2√λ follow in exactly the same
was as the proofs of
σ
1
2
|Z,α′ |
1
2
∂α′A1 ∈ L∞ and σ
1
2
|Z,α′ |
3
2
∂2α′A1 ∈ L2 as done in Section 5.1 in [1].
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Hence we have the estimates∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′A1
∥∥∥∥∥
∞
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
∥∥Zt,α′∥∥22 +
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
∥∥∥∥∥
2
∥∥Zt,α′∥∥2∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′A1
∥∥∥∥∥
2
.
{∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
+
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
}
‖A1‖∞
+ ‖Zt,α′‖2
{∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
∥∥∥∥∥
∞
+
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
∥∥∥∥∥
2
}
From this we get∥∥∥∥∥|Dα′ |
(
λ
1
2
|Z,α′ |
1
2
∂α′A1
)∥∥∥∥∥
2
.
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥
2
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′A1
∥∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′A1
∥∥∥∥∥
2
6)
λ
1
2
|Z,α′ |
7
2
∂3α′A1 ∈ L2√λ,
λ
1
2
|Z,α′ |
3
2
∂2α′
(
1
|Z,α′ |2
∂α′A1
)
∈ L2√
λ
and hence
λ
1
2
|Z,α′ |
5
2
∂2α′A1 ∈ W√λ ∩C√λ
Proof: We will first show that (I − H)
{
λ
1
2
Z
7
2
,α′
∂3α′A1
}
∈ L2√
λ
. Now from (20) we see that
A1 = 1 + iZtZt,α′ − i(I+H)
{
Re(ZtZt,α′)
}
. Hence we have
(I−H)
{
λ
1
2
Z
7
2
,α′
∂3α′A1
}
= i(I−H)
{(
Zt
Z,α′
)
λ
1
2
Z
5
2
,α′
∂3α′Zt,α′
}
+ i(I−H)
{(
λ
1
2
Z
5
2
,α′
∂2α′Zt,α′
)
(Dα′Zt) + 3
(
1
Z2,α′
∂α′Zt,α′
)(
λ
1
2
Z
3
2
,α′
∂α′Zt,α′
)
+ 3(Dα′Zt)
(
λ
1
2
Z
5
2
,α′
∂2α′Zt,α′
)}
Now we see that
i(I−H)
{(
Zt
Z,α′
)
λ
1
2
Z
5
2
,α′
∂3α′Zt,α′
}
= −5i
2
[Zt,H]
{(
∂α′
1
Z,α′
)(
λ
1
2
Z
5
2
,α′
∂2α′Zt,α′
)}
+ i
[
PA
(
Zt
Z,α′
)
,H
]
∂α′
(
λ
1
2
Z
5
2
,α′
∂2α′Zt,α′
)
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Hence using Proposition 9.5 we have the estimate
∥∥∥∥∥∥(I−H)
{
λ
1
2
Z
7
2
,α′
∂3α′A1
}∥∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′Zt,α′
∥∥∥∥∥
2
∥∥|Dα′ |Zt∥∥∞ +
∥∥∥∥∥ 1|Z,α′ |2 ∂α′Zt,α′
∥∥∥∥∥
2
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
∥∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′Zt,α′
∥∥∥∥∥
2
{
‖Zt,α′‖2
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
+
∥∥∥∥∂α′PA( ZtZ,α′
)∥∥∥∥
∞
}
Now lets come back to proving the main estimate
λ
1
2
|Z,α′ |
3
2
∂2α′
(
1
|Z,α′ |2
∂α′A1
)
∈ L2√
λ
. Now as
A1 is real valued we see that
λ
1
2
|Z,α′ |
3
2
∂2α′
(
1
|Z,α′ |2
∂α′A1
)
= λ
1
2Re
{
ω
7
2ω
7
2
|Z,α′ |
3
2
(I−H)∂2α′
(
1
|Z,α′ |2
∂α′A1
)}
Hence it is enough to show that we have
λ
1
2ω
7
2
|Z,α′ |
3
2
(I−H)∂2α′
(
1
|Z,α′ |2
∂α′A1
)
∈ L2√
λ
. Now observe
that
λ
1
2ω
7
2
|Z,α′ |
3
2
(I−H)∂2α′
(
1
|Z,α′ |2
∂α′A1
)
= −
[
λ
1
2ω
7
2
|Z,α′ |
3
2
,H
]
∂2α′
(
1
|Z,α′ |2
∂α′A1
)
+ (I−H)
{
λ
1
2ω
7
2
|Z,α′ |
3
2
∂2α′
(
1
|Z,α′ |2
∂α′A1
)}
Hence by expanding the second term we see that
λ
1
2ω
7
2
|Z,α′ |
3
2
(I−H)∂2α′
(
1
|Z,α′ |2
∂α′A1
)
= −
[
λ
1
2ω
7
2
|Z,α′ |
3
2
,H
]
∂2α′
(
1
|Z,α′ |2
∂α′A1
)
+ (I− H)
{
λ
1
2
Z
7
2
,α′
∂3α′A1
}
+ (I−H)
{
2λ
1
2ω2
Z
3
2
,α′
(
∂α′
1
|Z,α′ |
)2
∂α′A1 +
2λ
1
2ω2
Z
3
2
,α′
(
1
|Z,α′ |∂
2
α′
1
|Z,α′ |
)
∂α′A1
+
4λ
1
2ω2
Z
3
2
,α′
(
|Dα′ | 1|Z,α′ |
)
∂2α′A1
}
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Hence from Proposition 9.5 we have the estimate∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′
(
1
|Z,α′ |2
∂α′A1
)∥∥∥∥∥
2
.
∥∥∥∥∥∥(I−H)
{
λ
1
2
Z
7
2
,α′
∂3α′A1
}∥∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
|Z,α′ |
∥∥∥∥∥
2
∥∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥∥
∞
+
∥∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥∥
∞
{∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′ω
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
‖|Dα′ |ω‖2
}
+
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
{(
‖|Dα′ |ω‖2 +
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥
2
)∥∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥∥
∞
+
∥∥∥∥∥ 1|Z,α′ |3 ∂2α′A1
∥∥∥∥∥
2
}
From this we easily have the estimate∥∥∥∥∥ λ
1
2
|Z,α′ |
7
2
∂3α′A1
∥∥∥∥∥
2
.
∥∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥∥
∞
{∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
|Z,α′ |
∥∥∥∥∥
2
}
+
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∥ 1|Z,α′ |3 ∂2α′A1
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′
(
1
|Z,α′ |2
∂α′A1
)∥∥∥∥∥
2
and∥∥∥∥∥∂α′
(
λ
1
2
|Z,α′ |
7
2
∂2α′A1
)∥∥∥∥∥
2
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∥ 1|Z,α′ |3 ∂2α′A1
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
7
2
∂3α′A1
∥∥∥∥∥
2
We also get the estimate |Dα′ |
(
λ
1
2
|Z,α′ |
5
2
∂2α′A1
)
∈ L2√
λ
similarly. Hence now using Proposi-
tion 9.8 with f =
λ
1
2
|Z,α′ |
5
2
∂2α′A1 and w =
1
|Z,α′ | we obtain∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′A1
∥∥∥∥∥
2
L∞∩H˙ 12
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′A1
∥∥∥∥∥
2
∥∥∥∥∥∂α′
(
λ
1
2
|Z,α′ |
7
2
∂2α′A1
)∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′A1
∥∥∥∥∥
2
2
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥2
2
7)
λ
1
2
|Z,α′ |
1
2
∂α′bα′ ∈ L∞√λ
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Proof: The proof of this estimate is the same as the proof of
σ
1
2
|Z,α′ |
1
2
∂α′bα′ ∈ L∞ as done in
Section 5.1 in [1]. Hence we have the estimate∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′bα′
∥∥∥∥∥
∞
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
∥∥Zt,α′∥∥2 +
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
∥∥Zt,α′∥∥2
+
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
8)
λ
1
2
|Z,α′ |
3
2
∂2α′bα′ ∈ L2√λ,
λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |bα′ ∈ L2√λ,
λ
1
2
|Z,α′ |
1
2
∂α′Dα′bα′ ∈ L2√λ and hence we also
have
λ
1
2
|Z,α′ |
1
2
∂α′bα′ ∈ W√λ
Proof: The proof of this estimate is the same as the proof of
σ
1
2
|Z,α′ |
3
2
∂2α′bα′ ∈ L2 as done in
Section 5.1 in [1]. Hence we have the estimate∥∥∥∥∥(I−H)
{
λ
1
2
Z
3
2
,α′
∂2α′bα′
}∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′Dα′Zt
∥∥∥∥∥
2
+
∥∥∥∥∥ 1|Z,α′ |2 ∂α′Zt,α′
∥∥∥∥∥
2
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
{
‖Dα′Zt‖∞ + ‖Zt,α′‖2
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
}
and using this we have∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′bα′
∥∥∥∥∥
2
. ‖bα′‖∞
{∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
+
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
}
+
∥∥∥∥∥(I−H)
{
λ
1
2
Z
3
2
,α′
∂2α′bα′
}∥∥∥∥∥
2
The estimates for the other terms can now be shown easily.
9)
λ
1
2
|Z,α′ |
1
2
∂α′Ztt,α′ ∈ L2√λ
Proof: From (10) we know that Ztt − i = −i A1
Z,α′
. Hence we have∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Ztt,α′
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′A1
∥∥∥∥∥
2
+ ‖|Dα′ |A1‖2
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
+ ‖A1‖∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
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10)
λ
1
2
|Z,α′ |
5
2
∂2α′Ztt,α′ ∈ L2√λ,
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Ztt ∈ L2√λ,
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Ztt ∈ L2√λ and similarly we
also have
λ
1
2
|Z,α′ |
1
2
∂α′DtD
2
α′Zt ∈ L2√λ,
λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |DtDα′Zt ∈ L2√λ
Proof: From the energy we have Dt
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)
∈ L2√
λ
. Hence we have
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′DtD
2
α′Zt
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
∥∥∥∥∥
2
{‖bα′‖∞ + ‖Dα′Zt‖∞}+
∥∥∥∥∥Dt
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)∥∥∥∥∥
2
Using the commutator [Dα′ , Dt] = (Dα′Zt)Dα′ we see that
DtD
2
α′Zt = −2(Dα′Zt)D2α′Zt − (Dα′Zt)D2α′Zt +D2α′Ztt
Hence we have∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Ztt
∥∥∥∥∥
2
.
{∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
}(∥∥D2α′Zt∥∥2 + ∥∥D2α′Zt∥∥2)
+
∥∥|Dα′ |Zt∥∥∞
{∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
}
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′DtD
2
α′Zt
∥∥∥∥∥
2
Now we have the identity
D2α′Ztt =
(
Dα′
1
Z,α′
)
Ztt,α′ +
1
Z2,α′
∂α′Ztt,α′
Hence we have∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′Ztt,α′
∥∥∥∥∥
2
.
∥∥|Dα′ |Ztt∥∥∞
{∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
}
+
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
∥∥∥∥∥ 1|Z,α′ |2 ∂α′Ztt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Ztt
∥∥∥∥∥
2
We can prove
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Ztt ∈ L2√λ similarly. Now observe that
|Dα′ |DtDα′Zt = |Dα′ |
(
Dα′Ztt − (Dα′Zt)2
)
= ωD2α′Ztt − 2(|Dα′ |Zt)D2α′Zt
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Hence we have∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |DtDα′Zt
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
∥∥D2α′Ztt∥∥2 +
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Ztt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Zt
∥∥∥∥∥
∞
∥∥D2α′Zt∥∥2 + ‖|Dα′ |Zt‖∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
11)
λ
1
2
|Z,α′ |
3
2
∂α′Ztt,α′ ∈ W√λ∩C√λ,
λ
1
2
|Z,α′ |
3
2
∂α′DtZt,α′ ∈ W√λ∩C√λ,
λ
1
2
|Z,α′ |
1
2
∂α′Dα′Ztt ∈ W√λ∩C√λ
and
λ
1
2
|Z,α′ |
1
2
∂α′Dα′Ztt ∈ W√λ ∩ C√λ
Proof: Let f =
λ
1
2
|Z,α′ |
3
2
∂α′Ztt,α′ and w =
1
|Z,α′ | . Then we see that
f
w
∈ L2√
λ
. Now we have
∥∥∥∥∥∂α′
(
λ
1
2
|Z,α′ |
5
2
∂α′Ztt,α′
)∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′Ztt,α′
∥∥∥∥∥
2
+
∥∥∥∥|Dα′ | 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Ztt,α′
∥∥∥∥∥
2
As w′ ∈ L2, using Proposition 9.8 we obtain∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Ztt,α′
∥∥∥∥∥
2
L∞∩H˙ 12
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Ztt,α′
∥∥∥∥∥
2
∥∥∥∥∥∂α′
(
λ
1
2
|Z,α′ |
5
2
∂α′Ztt,α′
)∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Ztt,α′
∥∥∥∥∥
2
2
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥2
2
Hence we have
λ
1
2
|Z,α′ |
3
2
∂α′Ztt,α′ ∈ W√λ ∩ C√λ. Now
λ
1
2
|Z,α′ |
3
2
∂α′DtZt,α′ = − λ
1
2
|Z,α′ |
3
2
∂α′
(
bα′Zt,α′
)
+
λ
1
2
|Z,α′ |
3
2
∂α′Ztt,α′
Hence from Lemma 6.3 we obtain∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′DtZt,α′
∥∥∥∥∥
W√λ∩C√λ
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′bα′
∥∥∥∥∥
W√λ
∥∥|Dα′ |Zt∥∥W∩C +
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Ztt,α′
∥∥∥∥∥
W√λ∩C√λ
+ ‖bα′‖W
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
∥∥∥∥∥
W√λ∩C√λ
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We also have from Lemma 6.3∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Ztt
∥∥∥∥∥
W√λ∩C√λ
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
W√λ
∥∥|Dα′ |Ztt∥∥W∩C +
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Ztt,α′
∥∥∥∥∥
W√λ∩C√λ
We prove
λ
1
2
|Z,α′ |
1
2
∂α′Dα′Ztt ∈ W√λ ∩ C√λ similarly.
12)
λ
1
2
|Z,α′ |
5
2
∂3α′
1
Z,α′
∈ L2√
λ
,
λ
1
2
|Z,α′ |
5
2
∂3α′
1
|Z,α′ | ∈ L
2√
λ
,
λ
1
2
|Z,α′ |
7
2
∂3α′ω ∈ L2√λ and similarly we also have
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′
1
Z,α′
∈ L2√
λ
Proof: We know from (10) that Ztt − i = −i A1
Z,α′
and as A1 ≥ 1 we have∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂3α′
1
Z,α′
∥∥∥∥∥
2
.
∥∥∥∥∥ 1|Z,α′ |3 ∂2α′A1
∥∥∥∥∥
2
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥∥
∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂3α′Ztt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
7
2
∂3α′A1
∥∥∥∥∥
2
Recall from (16) that
Re
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= ∂α′
1
|Z,α′ | Im
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= i(ω|Dα′ |ω)
Hence by taking derivatives we obtain∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂3α′
1
|Z,α′ |
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′ω
∥∥∥∥∥
2
∥∥∥∥|Dα′ | 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥∥ 1|Z,α′ |2 ∂α′ω
∥∥∥∥∥
∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂3α′
1
Z,α′
∥∥∥∥∥
2
and also∥∥∥∥∥ λ
1
2
|Z,α′ |
7
2
∂3α′ω
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′ω
∥∥∥∥∥
2
∥∥∥∥|Dα′ | 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥∥ 1|Z,α′ |2 ∂α′ω
∥∥∥∥∥
∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂3α′
1
Z,α′
∥∥∥∥∥
2
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The estimate
λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′
1
Z,α′
∈ L2√
λ
can be proved similarly.
13)
λ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
∈ W√λ ∩ C√λ,
λ
1
2
|Z,α′ |
3
2
∂2α′
1
|Z,α′ | ∈ W
√
λ ∩ C√λ and
λ
1
2
|Z,α′ |
5
2
∂2α′ω ∈ W√λ ∩ C√λ
Proof: We first note that∥∥∥∥∥∂α′
(
λ
1
2
|Z,α′ |
5
2
∂2α′
1
Z,α′
)∥∥∥∥∥
2
.
∥∥∥∥|Dα′ | 1|Z,α′ |
∥∥∥∥
∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂3α′
1
Z,α′
∥∥∥∥∥
2
Now taking f =
λ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
and w =
1
|Z,α′ | in Proposition 9.8 we obtain
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
L∞∩H˙ 12
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
∥∥∥∥∥∂α′
(
λ
1
2
|Z,α′ |
5
2
∂2α′
1
Z,α′
)∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
2
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥2
2
As
λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∈ L2√
λ
this shows that
λ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
∈ W√λ ∩ C√λ. We can prove the
other estimates similarly.
14)
λ
1
2
|Z,α′ |Z1/2,α′
∂α′D
2
α′Zt ∈ C√λ,
λ
1
2
|Z,α′ |
5
2
∂2α′Dα′Zt ∈ C√λ,
λ
1
2
|Z,α′ |
7
2
∂2α′Zt,α′ ∈ C√λ and similarly
λ
1
2
|Z,α′ |
5
2
∂2α′Dα′Zt ∈ C√λ,
λ
1
2
|Z,α′ |
3
2
∂α′ |Dα′ |Dα′Zt ∈ C√λ
Proof: We first see that
λ
1
2
√
A1
Z
1/2
,α′
∂α′D
2
α′Zt ∈ L2√λ as A1 ∈ L∞ and
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt ∈ L2√λ as
it is part of the energy. Hence from the energy we see that
λ
1
2
√
A1
|Z,α′ |Z1/2,α′
∂α′D
2
α′Zt ∈ C√λ. Now
using Lemma 6.3 we get∥∥∥∥∥ λ
1
2
|Z,α′ |Z1/2,α′
∂α′D
2
α′Zt
∥∥∥∥∥
C√λ
.
∥∥∥∥∥ λ
1
2
√
A1
|Z,α′ |Z1/2,α′
∂α′D
2
α′Zt
∥∥∥∥∥
C√λ
∥∥∥∥ 1√A1
∥∥∥∥
W
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As ω
1
2 ∈ W we see that λ
1
2
|Z,α′ |
3
2
∂α′D
2
α′Zt ∈ C√λ. Now again using Lemma 6.3 we have∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′Dα′Zt
∥∥∥∥∥
C√λ
. ‖ω‖W
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
W√λ
∥∥∥∥∥ 1|Z,α′ |2 ∂α′Dα′Zt
∥∥∥∥∥
C
+ ‖ω‖W
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′D
2
α′Zt
∥∥∥∥∥
C√λ
Now observe that
λ
1
2
|Z,α′ |
5
2
∂2α′Dα′Zt =
λ
1
2
|Z,α′ |
5
2
∂α′
{(
∂α′
1
Z,α′
)
Zt,α′ +
1
Z,α′
∂α′Zt,α′
}
Hence from Lemma 6.3 we have∥∥∥∥∥ λ
1
2
|Z,α′ |
7
2
∂2α′Zt,α′
∥∥∥∥∥
C√λ
. ‖ω‖W
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
W√λ
∥∥∥∥∥ 1|Z,α′ |3 ∂α′Zt,α′
∥∥∥∥∥
C
+ ‖ω‖W
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′Dα′Zt
∥∥∥∥∥
C√λ
+ ‖ω‖W
∥∥|Dα′ |Zt∥∥W
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
∥∥∥∥∥
C√λ
+ ‖ω‖W
∥∥∥∥|Dα′ | 1Z,α′
∥∥∥∥
W
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
∥∥∥∥∥
C√λ
Now the estimates
λ
1
2
|Z,α′ |
5
2
∂2α′Dα′Zt ∈ C√λ,
λ
1
2
|Z,α′ |
3
2
∂α′ |Dα′ |Dα′Zt ∈ C√λ are proven similarly.
15)
λ
1
2
|Z,α′ |
1
2
∂α′Θ ∈ L2√λ
Proof: Using formula (18) we see that
λ
1
2
|Z,α′ |
1
2
∂α′Θ = (I+H)Re
{
λ
1
2
|Z,α′ |
1
2
∂α′Θ
}
+ iIm(I−H)
{
λ
1
2
|Z,α′ |
1
2
∂α′Θ
}
Now using the formula (16) we see that
Re
{
λ
1
2
|Z,α′ |
1
2
∂α′Θ
}
= −i λ
1
2
|Z,α′ |
1
2
∂α′(Dα′ω)
Hence we have∥∥∥∥∥Re
{
λ
1
2
|Z,α′ |
1
2
∂α′Θ
}∥∥∥∥∥
2
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
‖|Dα′ |ω‖2 +
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′ω
∥∥∥∥∥
2
We also have
(I−H)
{
λ
1
2
|Z,α′ |
1
2
∂α′Θ
}
=
[
λ
1
2
|Z,α′ |
1
2
,H
]
∂α′Θ
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and hence we have from Proposition 9.5∥∥∥∥∥(I−H)
{
λ
1
2
|Z,α′ |
1
2
∂α′Θ
}∥∥∥∥∥
2
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
‖Θ‖2
16)
λ
1
2
|Z,α′ |
3
2
∂α′Θ ∈ C√λ,
λ
1
2
Z
3
2
,α′
∂α′Θ ∈ C√λ
Proof: As λ
1
2
|Z,α′ | 12
∂α′Θ ∈ L2√λ, we only need to prove
λ
1
2
|Z,α′ | 32
∂α′Θ ∈ H˙
1
2√
λ
. Now using formula
(18) we see that
λ
1
2
|Z,α′ |
3
2
∂α′Θ = (I+H)Re
{
λ
1
2
|Z,α′ |
3
2
∂α′Θ
}
+ iIm(I−H)
{
λ
1
2
|Z,α′ |
3
2
∂α′Θ
}
Using the formula (16) we see that
Re
{
λ
1
2
|Z,α′ |
3
2
∂α′Θ
}
= −i λ
1
2
|Z,α′ |
3
2
∂α′(Dα′ω)
Hence we have from Lemma 6.3∥∥∥∥∥Re
{
λ
1
2
|Z,α′ |
3
2
∂α′Θ
}∥∥∥∥∥
H˙
1
2
.
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
W√λ
∥∥∥∥∥ 1|Z,α′ |2 ∂α′ω
∥∥∥∥∥
C
+ ‖ω‖W
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂2α′ω
∥∥∥∥∥
C√λ
Now observe that
(I−H)
{
λ
1
2
|Z,α′ |
3
2
∂α′Θ
}
= λ
1
2
[
ω
1
2
|Z,α′ | ,H
]
1
Z
1/2
,α′
∂α′Θ
Hence we have from Proposition 9.5∥∥∥∥∥(I−H)
{
λ
1
2
|Z,α′ |
3
2
∂α′Θ
}∥∥∥∥∥
H˙
1
2
.
(
‖|Dα′ |ω‖2 +
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥
2
)∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Θ
∥∥∥∥∥
2
Hence
λ
1
2
|Z,α′ |
3
2
∂α′Θ ∈ C√λ. Now as ω
3
2 ∈ W we obtain the other estimate easily by multiplying
and using Lemma 6.3.
17)
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ ∈ L2√λ
Proof: Using formula (18) we see that
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ = (I+H)Re
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}
+ iIm(I−H)
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}
We control the terms individually.
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(a) Using the formula (27) we see that
Re
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}
= − λ
1
2
|Z,α′ |
1
2
∂α′Im
{|Dα′ |Dα′Zt + i(ReΘ)Dα′Zt}
Hence we have∥∥∥∥∥Re
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Θ
∥∥∥∥∥
2
∥∥Dα′Zt∥∥∞
+ ‖Θ‖2
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
(b) We note that
(I−H)
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}
=
[
λ
1
2
|Z,α′ |
1
2
,H
]
∂α′DtΘ− ω 12
[
λ
1
2ω
1
2
|Z,α′ |
1
2
,H
]
∂α′DtΘ
+ ω
1
2 (I−H)
{
λ
1
2
Z
1/2
,α′
∂α′DtΘ
}
Now observe that using the identities from §6.1 we have
Dt
(
λ
1
2
Z
1/2
,α′
∂α′Θ
)
=
[
Dt,
λ
1
2
Z
1/2
,α′
∂α′
]
Θ+
λ
1
2
Z
1/2
,α′
∂α′DtΘ
= −
(
bα′
2
+
Dα′Zt
2
)
λ
1
2
Z
1/2
,α′
∂α′Θ+
λ
1
2
Z
1/2
,α′
∂α′DtΘ
Now as
λ
1
2
Z
1/2
,α′
∂α′Θ is holomorphic and Dt = ∂t + b∂α′ we have
(I−H)
{
λ
1
2
Z
1/2
,α′
∂α′DtΘ
}
= (I−H)
{(
bα′
2
+
Dα′Zt
2
)
λ
1
2
Z
1/2
,α′
∂α′Θ
}
+ [b,H]∂α′
{
λ
1
2
Z
1/2
,α′
∂α′Θ
} (50)
Hence using Proposition 9.5 we obtain∥∥∥∥∥(I−H)
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}∥∥∥∥∥
2
. (‖bα′‖∞ + ‖Dα′Zt‖∞)
∥∥∥∥∥ λ
1
2
Z
1/2
,α′
∂α′Θ
∥∥∥∥∥
2
+
(∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
2
)
‖DtΘ‖2
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18)
λ
1
2
|Z,α′ |
3
2
∂α′DtΘ ∈ C√λ
Proof: Note that we only need to prove the H˙
1
2 estimate. Using formula (18) we see that
λ
1
2
|Z,α′ |
3
2
∂α′DtΘ = (I+H)Re
{
λ
1
2
|Z,α′ |
3
2
∂α′DtΘ
}
+ iIm(I−H)
{
λ
1
2
|Z,α′ |
3
2
∂α′DtΘ
}
We control the term individually.
(a) Using the formula (27) we see that
Re
{
λ
1
2
|Z,α′ |
3
2
∂α′DtΘ
}
= − λ
1
2
|Z,α′ |
3
2
∂α′Im
{|Dα′ |Dα′Zt + i(ReΘ)Dα′Zt}
Hence we have from Lemma 6.3∥∥∥∥∥Re
{
λ
1
2
|Z,α′ |
3
2
∂α′DtΘ
}∥∥∥∥∥
C√λ
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′ |Dα′ |Dα′Zt
∥∥∥∥∥
C√λ
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Θ
∥∥∥∥∥
C√λ
∥∥Dα′Zt∥∥W
+
∥∥∥∥ Θ|Z,α′ |
∥∥∥∥
W
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
C√λ
(b) We note that
(I−H)
{
λ
1
2
|Z,α′ |
3
2
∂α′DtΘ
}
=
[
1
|Z,α′ | ,H
]
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ+ ω
3
2
ω
3
2
|Z,α′ | (I−H)
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}
as we have from Proposition 9.5∥∥∥∥∥
[
1
|Z,α′ | ,H
]
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
∥∥∥∥∥
H˙
1
2
.
∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥
2
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
∥∥∥∥∥
2
we only need to show the second term is in H˙
1
2 . Now as ω
3
2 ∈ W , it is enough to show
that
ω
3
2
|Z,α′ | (I − H)
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}
∈ C√λ. As
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ ∈ L2√λ we only need to
show the H˙
1
2 estimate. Now
ω
3
2
|Z,α′ | (I−H)
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}
= −
[
ω
3
2
|Z,α′ | ,H
]
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ + (I−H)
{
λ
1
2
Z
3
2
,α′
∂α′DtΘ
}
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Now by a similar computation as done in (50), we see that
(I−H)
{
λ
1
2
Z
3
2
,α′
∂α′DtΘ
}
= (I−H)
{(
−bα′
2
+
3Dα′Zt
2
)
λ
1
2
Z
3
2
,α′
∂α′Θ
}
+ [b,H]∂α′
{
λ
1
2
Z
3
2
,α′
∂α′Θ
}
From this we obtain by Proposition 9.5 and Lemma 6.3∥∥∥∥∥ ω
3
2
|Z,α′ | (I−H)
{
λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
}∥∥∥∥∥
H˙
1
2
.
{∥∥∥∥∂α′ 1|Z,α′ |
∥∥∥∥
2
+ ‖|Dα′ |ω‖2
}∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′DtΘ
∥∥∥∥∥
2
+ (‖bα′‖W + ‖Dα′Zt‖W)
∥∥∥∥∥ λ
1
2
Z
3
2
,α′
∂α′Θ
∥∥∥∥∥
C√λ
+ ‖bα′‖
H˙
1
2
∥∥∥∥∥ λ
1
2
Z
3
2
,α′
∂α′Θ
∥∥∥∥∥
H˙
1
2
19)
λ
1
2
|Z,α′ |
1
2
∂α′R3 ∈ L2√λ
Proof: Recall from (45) the formula of R3
R3 =
{−2(D2α′Ztt) + 6(Dα′Zt)(D2α′Zt)}(Dα′Zt) + {−4(Dα′Ztt) + 6(Dα′Zt)2}(D2α′Zt)
− 2(D2α′Zt)(Dα′Ztt)− 4(Dα′Zt)(D2α′Ztt)− 2iω(Dα′ω)
(
1
|Z,α′ |2
∂α′J1
)
− i(Dα′J1)
(
Dα′
1
Z,α′
)
− iJ1
(
D2α′
1
Z,α′
)
Let us control the terms individually
(a) We see that∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′
({−2(D2α′Ztt) + 6(Dα′Zt)(D2α′Zt)}(Dα′Zt))
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Ztt
∥∥∥∥∥
2
∥∥Dα′Zt∥∥∞ + ∥∥D2α′Ztt∥∥2
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
∥∥D2α′Zt∥∥2∥∥Dα′Zt∥∥∞ + ‖Dα′Zt‖2∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
∥∥D2α′Zt∥∥2‖Dα′Zt‖∞
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(b) We have∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′
({−4(Dα′Ztt) + 6(Dα′Zt)2}(D2α′Zt))
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Ztt
∥∥∥∥∥
∞
∥∥D2α′Zt∥∥2 + ‖Dα′Ztt‖∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
‖Dα′Zt‖∞
∥∥D2α′Zt∥∥2 + ‖Dα′Zt‖2∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
(c) We have∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′
(−2(D2α′Zt)(Dα′Ztt)− 4(Dα′Zt)(D2α′Ztt))
∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
∥∥Dα′Ztt∥∥∞ + ∥∥D2α′Zt∥∥2
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Ztt
∥∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
∥∥D2α′Ztt∥∥2 + ‖Dα′Zt‖∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Ztt
∥∥∥∥∥
2
(d) We have∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′
(
−2iω(Dα′ω)
(
1
|Z,α′ |2
∂α′J1
))∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
‖|Dα′ |ω‖2
∥∥∥∥∥ 1|Z,α′ |2 ∂α′J1
∥∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |ω
∥∥∥∥∥
2
∥∥∥∥∥ 1|Z,α′ |2 ∂α′J1
∥∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
∥∥∥∥∥|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)∥∥∥∥∥
2
(e) We have∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′
(
−i(Dα′J1)
(
Dα′
1
Z,α′
)
− iJ1
(
D2α′
1
Z,α′
))∥∥∥∥∥
2
.
(∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
+
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
)∥∥∥∥∥ 1|Z,α′ |2 ∂α′J1
∥∥∥∥∥
∞
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
+
∥∥∥∥∥|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)∥∥∥∥∥
2
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥∥ 1|Z,α′ |2 ∂α′J1
∥∥∥∥∥
∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
+ ‖J1‖∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′
1
Z,α′
∥∥∥∥∥
2
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20) R4 ∈ L2√λ
Proof: Recall from (49) the formula of R4
R4 = −
{
Dtbα′
2
+
DtDα′Zt
2
−
(
bα′
2
+
Dα′Zt
2
)2}
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt +
λ
1
2
Z
1/2
,α′
∂α′R3
−
{
2iA1
(
|Dα′ | 1|Z,α′ |
)
+
i
|Z,α′ |2
∂α′A1 − iA1
2
(
Dα′
1
Z,α′
)}
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
− 3iω2
(
λ
1
2
Z
1/2
,α′
∂α′ω
)
|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
− (bα′ +Dα′Zt) λ
1
2
Z
1/2
,α′
∂α′DtD
2
α′Zt
Hence we have the estimate
‖R4‖2
.
{
‖Dtbα′‖∞ + ‖DtDα′Zt‖∞ + (‖bα′‖∞ + ‖Dα′Zt‖∞)2
}∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′R3
∥∥∥∥∥
2
+
{
‖A1‖∞
∥∥∥∥|Dα′ | 1|Z,α′ |
∥∥∥∥
∞
+
∥∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥∥
∞
}∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
+ ‖A1‖∞
∥∥∥∥|Dα′ | 1Z,α′
∥∥∥∥
∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
∥∥∥∥∥|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)∥∥∥∥∥
2
+
{‖bα′‖∞ + ‖Dα′Zt‖∞}
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′DtD
2
α′Zt
∥∥∥∥∥
2
21) (I−H)D2t
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)
∈ L2√
λ
Proof: For a function f satisfying PAf = 0 we have from Proposition 9.1
(I−H)D2t f = [Dt,H]Dtf +Dt[Dt,H]f
= [b,H]∂α′Dtf +Dt[b,H]∂α′f
= 2[b,H]∂α′Dtf + [Dtb,H]∂α′f − [b, b; ∂α′f ]
As PA
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)
= 0 we obtain from Proposition 9.5∥∥∥∥∥(I −H)D2t
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)∥∥∥∥∥
2
. ‖bα′‖∞
∥∥∥∥∥Dt
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)∥∥∥∥∥
2
+ ‖∂α′Dtb‖
H˙
1
2
∥∥∥∥∥ λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
∥∥∥∥∥
2
+ ‖bα′‖2∞
∥∥∥∥∥ λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
∥∥∥∥∥
2
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22) (I−H)
{
i
A1
|Z,α′ |2
∂α′
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)}
∈ L2√
λ
Proof: We see that
(I−H)
{
i
A1
|Z,α′ |2
∂α′
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)}
= i
[
A1
|Z,α′ |2
,H
]
∂α′
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)
and hence we have from Proposition 9.5∥∥∥∥∥(I−H)
{
i
A1
|Z,α′ |2
∂α′
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)}∥∥∥∥∥
2
.
∥∥∥∥∥ λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
∥∥∥∥∥
2
{∥∥∥∥ 1|Z,α′ |2 ∂α′A1
∥∥∥∥
∞
+ ‖A1‖∞
∥∥∥∥|Dα′ | 1|Z,α′ |
∥∥∥∥
∞
}
23)
λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
∈ L2√
λ
Proof: Recall the equation of
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt from (48)
(
D2t + i
A1
|Z,α′ |2
∂α′
)
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt = −iω3
λ
1
2
Z
1/2
,α′
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
+R4
Applying (I −H) to the above equation we obtain the estimate∥∥∥∥∥(I−H)
{
λ
1
2ω3
Z
1/2
,α′
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)}∥∥∥∥∥
2
. ‖R4‖2 +
∥∥∥∥∥(I−H)D2t
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)∥∥∥∥∥
2
+
∥∥∥∥∥(I−H)
{
i
A1
|Z,α′ |2
∂α′
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)}∥∥∥∥∥
2
Now as J1 is real valued we see that
λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
= Re
{
λ
1
2ω
7
2ω3
Z
1/2
,α′
∂α′(I−H)|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)}
and we see that
λ
1
2ω3
Z
1/2
,α′
∂α′(I−H)|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
= −
[
λ
1
2ω3
Z
1/2
,α′
,H
]
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
+ (I−H)
{
λ
1
2ω3
Z
1/2
,α′
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)}
52 SIDDHANT AGRAWAL
Hence from Proposition 9.5 we obtain∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)∥∥∥∥∥
2
.
{∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
}∥∥∥∥∥|Dα′ |
(
1
|Z,α′ |2
∂α′J1
)∥∥∥∥∥
2
+
∥∥∥∥∥(I−H)
{
λ
1
2ω3
Z
1/2
,α′
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)}∥∥∥∥∥
2
6.3. Closing the energy estimate for λEaux
We now complete the proof of Theorem 6.1. To simplify the calculations, we will continue to
use the notation used in §6.2 and introduce another notation: If a(t), b(t) are functions of time
we write a ≈ b if there exists a universal polynomial P with non-negative coefficients so that
|a(t)− b(t)| ≤ P (Ehigh(t))(λEaux(t)). Observe that≈ is an equivalence relation. With this notation,
proving Theorem 6.1 is equivalent to showing ddt (λEaux(t)) ≈ 0. We control the first four terms of
the energy (46) directly and for the last two terms we use the equation (48).
(1) Controlling the time derivative of
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥2
∞
proceeds in exactly the same as that
of controlling
∥∥∥∥σ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥2
∞
for the energy Eσ which was done in Sec 5.2.1 in [1]. First
observe that∥∥∥∥Dt(λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
)∥∥∥∥
∞
. (‖Dα′Zt‖∞ + ‖bα′‖∞)
∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
∥∥∥∥
∞
+
∥∥∥∥ λ 12|Z,α′ | 12 ∂α′bα′
∥∥∥∥
∞
+
∥∥∥∥ λ 12|Z,α′ | 12 ∂α′Dα′Zt
∥∥∥∥
∞
Now using the computation from Sec 5.2.1 in [1] we obtain
lim sup
s→0+
∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′ ∥∥∥2∞(t+ s)− ∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1Z,α′ ∥∥∥2∞(t)
s
.
∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1
Z,α′
∥∥∥
∞
(t)
∥∥∥∥Dt(λ 12 |Z,α′ | 12 ∂α′ 1Z,α′
)∥∥∥∥
∞
(t)
. P (Ehigh(t))(λEaux(t))
(2) We first observe that
Dt
(
λ
1
2
Z
1/2
,α′
∂α′Zt,α′
)
= −
(
bα′
2
+
Dα′Zt
2
)
λ
1
2
Z
1/2
,α′
∂α′Zt,α′ +
λ
1
2
Z
1/2
,α′
∂α′
(−bα′Zt,α′ + Ztt,α′)
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Hence ∥∥∥∥∥Dt
(
λ
1
2
Z
1/2
,α′
∂α′Zt,α′
)∥∥∥∥∥
2
. {‖bα′‖∞ + ‖Dα′Zt‖∞}
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′bα′
∥∥∥∥∥
∞
∥∥Zt,α′∥∥2 +
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Ztt,α′
∥∥∥∥∥
2
Now by using Lemma 4.4 we obtain
d
dt
∫ ∣∣∣∣ λ 12
Z
1/2
,α′
∂α′Zt,α′
∣∣∣∣2 dα′
. ‖bα′‖∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
∥∥∥∥∥
2
∥∥∥∥∥Dt
(
λ
1
2
Z
1/2
,α′
∂α′Zt,α′
)∥∥∥∥∥
2
. P (Ehigh)(λEaux)
(3) We observe that from (25)
Dt
(
λ
1
2
Z
1/2
,α′
∂2α′
1
Z,α′
)
= −
(
bα′
2
+
Dα′Zt
2
)
λ
1
2
Z
1/2
,α′
∂2α′
1
Z,α′
+
λ
1
2
Z
1/2
,α′
∂α′
(
Dt∂α′
1
Z,α′
)
= −
(
bα′
2
+
Dα′Zt
2
)
λ
1
2
Z
1/2
,α′
∂2α′
1
Z,α′
+
λ
1
2
Z
1/2
,α′
∂α′
(
Dα′bα′ −D2α′Zt −
(
∂α′
1
Z,α′
)
Dα′Zt
)
Hence we have∥∥∥∥∥Dt
(
λ
1
2
Z
1/2
,α′
∂2α′
1
Z,α′
)∥∥∥∥∥
2
. {‖bα′‖∞ + ‖Dα′Zt‖∞}
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
+
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥
2
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′bα′
∥∥∥∥∥
2
Now by using Lemma 4.4 we obtain
d
dt
∫ ∣∣∣∣ λ 12
Z
1/2
,α′
∂2α′
1
Z,α′
∣∣∣∣2 dα′
. ‖bα′‖∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
∥∥∥∥∥
2
∥∥∥∥∥Dt
(
λ
1
2
Z
1/2
,α′
∂2α′
1
Z,α′
)∥∥∥∥∥
2
. P (Ehigh)(λEaux)
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(4) Using Lemma 4.4 we see that
d
dt
∫ ∣∣∣∣ λ 12
Z
1/2
,α′
∂α′D
2
α′Zt
∣∣∣∣2 dα′
. ‖bα′‖∞
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
∥∥∥∥∥
2
∥∥∥∥∥Dt
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)∥∥∥∥∥
2
. P (Ehigh)(λEaux)
(5) The quantity left to control is the time derivative of∫
|Dtf |2dα′ +
∫ ∣∣∣∣|∂α′ | 12( √A1|Z,α′ |f
)∣∣∣∣2dα′
where f = λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt and we have PHf = f . Following the same computation as done in
§5.3 for the energy Ehigh we see that
d
dt
(λEaux(t)) ≈ 2Re
∫ (
D2t f + i
A1
|Z,α′ |2
∂α′f
)
(Dtf¯) dα
′
As Dt
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)
∈ L2√
λ
we only need to show that the other term in in L2√
λ
. Now the
equation for λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt from (48) implies(
D2t + i
A1
|Z,α′ |2
∂α′
)
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt = −iω3
λ
1
2
Z
1/2
,α′
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
+R4
As we have shown
λ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |
(
1
|Z,α′ |2
∂α′J1
)
∈ L2√
λ
and R4 ∈ L2√λ, this implies that the
right hand side is in L2√
λ
and so the proof of Theorem 6.1 is complete.
6.4. Equivalence of λEaux and λEaux
We now give a simpler description of the energy Eaux defined by (46). Recall the definition of
Eaux from (13)
Eaux =
∥∥∥∥Z 12,α′∂α′ 1Z,α′
∥∥∥∥2
∞
+
∥∥∥∥∥ 1Z 12,α′ ∂2α′
1
Z,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z 52,α′ ∂3α′
1
Z,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z 12,α′ ∂α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z 52,α′ ∂2α′Zt,α′
∥∥∥∥∥
2
2
+
∥∥∥∥∥ 1Z 72,α′ ∂2α′Zt,α′
∥∥∥∥∥
2
H˙
1
2
Proposition 6.4. There exists universal polynomials P1, P2 with non-negative coefficients so that
if (Z,Zt)(t) is a smooth solution to the water wave equation (8) with σ = 0 in the time interval
[0, T ] satisfying (Z,α′ − 1, 1Z,α′ − 1, Zt) ∈ L
∞([0, T ], Hs(R)×Hs(R)×Hs+ 12 (R)) for all s ≥ 2 and if
λ > 0 is some given constant, then for all t ∈ [0, T ] we have
λEaux ≤ P1(Ehigh)(λEaux) and λEaux ≤ P2(Ehigh)(λEaux)
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Proof. Let λEaux <∞. We have already pretty much controlled all the terms of λEaux and the only
term not directly controlled is
λ
1
2
Z
7
2
,α′
∂2α′Zt,α′ . This term can be easily controlled by using Lemma 6.3
∥∥∥∥∥ λ
1
2
Z
7
2
,α′
∂2α′Zt,α′
∥∥∥∥∥
C√λ
.
∥∥ω 72∥∥W
∥∥∥∥∥ λ
1
2
|Z,α′ |
7
2
∂2α′Zt,α′
∥∥∥∥∥
C√λ
Now assume that λEaux < ∞. We see that the first three terms of λEaux are controlled and
following the proofs of λ
1
2 |Z,α′ |
1
2 ∂α′
1
|Z,α′ | ∈ L
∞√
λ
and
λ
1
2
|Z,α′ |
3
2
∂2α′ω ∈ L2√λ in §6.2, we immediately
get ∥∥∥∥λ 12 |Z,α′ | 12 ∂α′ 1|Z,α′ |
∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′ω
∥∥∥∥∥
∞
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂2α′
1
|Z,α′ |
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′ω
∥∥∥∥∥
2
. P1(Ehigh)(λEaux) 12
Now following the proof of
λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt ∈ W√λ ∩ C√λ from §6.2, we see that
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
∥∥∥∥∥
W√λ∩C√λ
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
W√λ∩C√λ
+
∥∥∥∥∥ λ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
∥∥∥∥∥
W√λ∩C√λ
. P1(Ehigh)(λEaux) 12
Similarly following the proof of
λ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
∈ W√λ ∩ C√λ from §6.2, we see that
∥∥∥∥∥ λ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
∥∥∥∥∥
W√λ∩C√λ
. P1(Ehigh)(λEaux) 12
Now following the proofs of
λ
1
2
|Z,α′ |
7
2
∂3α′A1 ∈ L2√λ and
λ
1
2
|Z,α′ |
5
2
∂2α′Zt,α′ ∈ L2√λ in §6.2, we see that
∥∥∥∥∥ λ
1
2
|Z,α′ |
7
2
∂3α′A1
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
∥∥∥∥∥
2
+
∥∥∥∥∥ λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
∥∥∥∥∥
2
. P1(Ehigh)(λEaux) 12
Now following the proof of
λ
1
2
|Z,α′ |
5
2
∂3α′
1
Z,α′
∈ L2√
λ
from §6.2, we obtain
∥∥∥∥∥ λ
1
2
|Z,α′ |
5
2
∂3α′Ztt
∥∥∥∥∥
2
. P1(Ehigh)(λEaux) 12
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Now we follow the proof of
λ
1
2
|Z,α′ |
5
2
∂3α′Ztt ∈ L2√λ from §6.2 to obtain∥∥∥∥∥Dt
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)∥∥∥∥∥
2
. P1(Ehigh)(λEaux) 12
Now we use Lemma 6.3 to obtain the estimate∥∥∥∥∥ λ
1
2
|Z,α′ |
7
2
∂2α′Zt,α′
∥∥∥∥∥
C√λ
.
∥∥ω 72 ∥∥W
∥∥∥∥∥∥ λ
1
2
Z
7
2
,α′
∂2α′Zt,α′
∥∥∥∥∥∥
C√λ
. P1(Ehigh)(λEaux) 12
Hence by following the proof of
λ
1
2
|Z,α′ |
7
2
∂2α′Zt,α′ ∈ C√λ from §6.2, we see that∥∥∥∥∥
√
A1
|Z,α′ |
(
λ
1
2
Z
1/2
,α′
∂α′D
2
α′Zt
)∥∥∥∥∥
C√λ
. P1(Ehigh)(λEaux) 12
Hence proved. 
7. The energy E∆
In this section we consider two solutions of the water wave equation (8), one with and one without
surface tension and prove an apriori estimate for the difference of the two solutions. Let (Z,Zt)a and
(Z,Zt)b be two solutions of the water wave equation (8) with surface tensions σa = σ and σb = 0
respectively, i.e. (Z,Zt)a is the solution with surface tension σ and (Z,Zt)b is the solution with zero
surface tension. We denote the two solutions as A and B respectively for simplicity. In this section
we consider an energy E∆ defined below, which is a weighted Sobolev norm for the difference of
the two solutions A and B, and prove our main energy estimate for this energy in Theorem 7.1.
To prove this theorem, we first control the quantities controlled by E∆ in §7.1 and then close the
energy estimate in §7.2. Finally in §7.3 we show that the energy E∆ is equivalent to the energy E∆
defined in (54).
Theorem 7.1 allows different initial data for the solutions A and B and hence the energies E∆
and E∆ takes this into account. The energy E∆ used in §3.1 is a simplified version of the actual
energy defined in (54). In this section whenever we talk about the energy E∆, we will mean the one
given by (54).
Let us recall some of the notation used in §3.1. We will denote the terms and operators for each
solution by their subscript a or b. Let ha, hb be the homeomorphisms from (9) for the respective
solutions and let the material derivatives by given by (Dt)a = U
−1
ha
∂tUha and (Dt)b = U
−1
hb
∂tUhb .
We define
h˜ = hb ◦ h−1a and U˜ = Uh˜ = U−1ha Uhb (51)
We also define
∆(f) = fa − U˜(fb) (52)
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See §3.1 for more details about the notation ∆(f). Define the operators
(Hf)(α′) = 1
iπ
p.v.
∫
h˜β′(β
′)
h˜(α′)− h˜(β′)
f(β′) dβ′
(H˜f)(α′) = 1
iπ
p.v.
∫
1
h˜(α′)− h˜(β′)
f(β′) dβ′
(53)
See Proposition 10.3 for some properties of these operators. In this section in addition to these
above operators, we will also heavily use the notations [f1, f2; f3] and [f1, f2; f3]g defined in (4) and
(5) respectively.
We are now ready to define the energy for the difference of the solutions. Define
E∆,0 =
∥∥∥∥(σ 12 |Z,α′ | 12 ∂α′ 1Z,α′
)
a
∥∥∥∥2
∞
+
∥∥∥∥(σ 16 |Z,α′ | 12 ∂α′ 1Z,α′
)
a
∥∥∥∥6
2
+
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
)
a
∥∥∥∥∥
2
2
+ ‖∆(ω)‖2∞ +
∥∥∥∥∆(∂α′ 1Z,α′
)∥∥∥∥2
2
+
∥∥h˜α′ − 1∥∥2L∞∩H˙ 12 + ∥∥∥|Dα′ |a(h˜α′ − 1)∥∥∥22
+
∥∥∥∥|Z,α′ |aU˜( 1|Z,α′ |b
)
− 1
∥∥∥∥2
∞
E∆,1 =
∥∥∆{(Ztt − i)Z,α′}∥∥2H˙ 12 + ∥∥∥(√A1)a∆(Zt,α′)∥∥∥22 +
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
)
a
∥∥∥∥∥
2
2
E∆,2 =
∥∥∆(DtZt,α′)∥∥22 + ∥∥∥∥( √A1|Z,α′ |
)
a
∆(Zt,α′)
∥∥∥∥2
H˙
1
2
+
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
)
a
∥∥∥∥∥
2
H˙
1
2
E∆,3 = ‖∆(DtΘ)‖22 +
∥∥∥∥( √A1|Z,α′ |
)
a
∆(Θ)
∥∥∥∥2
H˙
1
2
+
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
3
2
∂α′Θ
)
a
∥∥∥∥∥
2
H˙
1
2
E∆,4 =
∥∥∆(DtDα′Zt)∥∥2H˙ 12 + ∥∥∥(√A1)a|Dα′ |a∆(Dα′Zt)∥∥∥22 +
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
)
a
∥∥∥∥∥
2
2
E∆ = σ(Eaux)b + E∆,0 + E∆,1 + E∆,2 + E∆,3 + E∆,4
Note that here (Eaux)b is the energy Eaux defined in (46) for the solution B. Hence the term
σ(Eaux)b couples the zero surface tension solution B with the value of surface tension σ of the
solution A. This coupling term is crucial to closing the energy estimate and this is discussed in
more detail in §3.2. The other terms in the energy E∆ come from taking a difference in the energy
Eσ defined in §4.3. We can now state our main apriori energy estimate about the difference of the
two solutions.
Theorem 7.1. Let T > 0 and let (Z,Zt)a(t), (Z,Zt)b(t) be two smooth solutions in [0, T ] to
(8) with surface tension σ and zero surface tension respectively, such that for all s ≥ 2 we have
(Z,α′ − 1, 1Z,α′ − 1, Zt)i ∈ L
∞([0, T ], Hs(R) × Hs(R) × Hs+ 12 (R)) for both i = a, b. Let L1 > 0 be
such that
sup
t∈[0,T ]
(Ehigh)b(t), sup
t∈[0,T ]
(Eσ)a(t),
∥∥∥∥|Z,α′ |aU˜( 1|Z,α′ |b
)∥∥∥∥
∞
(0),
∥∥∥∥ 1|Z,α′ |a U˜(|Z,α′ |b)
∥∥∥∥
∞
(0) ≤ L1
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Then there exists a constant C(L1) depending only on L1 so that for all t ∈ [0, T ) we have
d
dt
E∆(t) ≤ C(L1)E∆(t)
Note that the above theorem allows the initial data of the two solutions A and B to be different.
The theorem simplifies a little bit if we work with the same initial data for the two solutions A and
B which was how Theorem 3.1 was stated. The energy E∆ is a very strong norm which compares
the two solutions A and B. In particular observe that the energy E∆,0 controls ‖∆(ω)‖∞ and hence
the above theorem implies that if the initial data of A and B are the same, then the angle of the
interface θa → θb in L∞ as σ → 0 (as stated in §3.1).
The rest of this section is devoted to the proof of Theorem 7.1. We will first need some basic
properties which we use throughout the section. The following two lemmas capture some basic
identities regarding the operators U˜ ,H, H˜ and ∆.
Lemma 7.2. Let U˜ be defined by (51) and let H, H˜ be defined by (53). Then
(1) (Dt)aU˜ = U˜(Dt)b
(2) ∂α′U˜ = h˜α′ U˜∂α′ ∂α′ U˜
−1 =
1
h˜α′ ◦ h˜−1
U˜−1∂α′ and h˜α′ = U−1ha
(
(hα)b
(hα)a
)
(3) HU˜ = U˜H
(4) U˜ [f,H]∂α′g = [(U˜f), H˜]∂α′(U˜g)
(5) U˜ [f1, f2; ∂α′f3] = [(U˜f1), (U˜ f2); ∂α′(U˜f3)]h˜
Proof. The proofs are quite straightforward.
(1) We see that (Dt)aU˜ = (U
−1
ha
∂tUha)(U
−1
ha
Uhb) = U
−1
ha
∂tUhb and similarly we have U˜(Dt)b =
(U−1ha Uhb)(U
−1
hb
∂tUhb) = U
−1
ha
∂tUhb .
(2) As U˜(f)(α′) = f(h˜(α′)) we see that ∂α′U˜(f)(α′) = h˜α′(α′)fα′(h˜(α′)) and hence ∂α′ U˜ =
h˜α′ U˜∂α′ . Similarly we have ∂α′ U˜
−1 =
1
h˜α′ ◦ h˜−1
U˜−1∂α′ . Now as h˜ = hb ◦ h−1a we see that
h˜α′ =
(hα)b ◦ h−1a
(hα)a ◦ h−1a
(3) We see that
(HU˜f)(α′) = 1
iπ
∫
h˜β′(β
′)
h˜(α′)− h˜(β′)
f(h˜(β′)) dβ′ =
1
iπ
∫
1
h˜(α′)− β′
f(β′) dβ′ = (U˜Hf)(α′)
(4) We observe that
U˜ [f,H]∂α′g = U˜{fH(∂α′g)−H(f∂α′g)}
= U˜(f)H(U˜(∂α′g))−H(U˜(f∂α′g))
= U˜(f)H˜(∂α′ U˜(g))− H˜(U˜(f)∂α′ U˜(g))
= [(U˜f), H˜]∂α′(U˜g)
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(5) We see that
U˜ [f1, f2; ∂α′f3](α
′)
=
1
iπ
∫ (
f1(h˜(α
′))− f1(β′)
h˜(α′)− β′
)(
f2(h˜(α
′))− f2(β′)
h˜(α′)− β′
)
(f3)β′(β
′) dβ′
=
1
iπ
∫ (
f1(h˜(α
′))− f1(h˜(β′))
h˜(α′)− h˜(β′)
)(
f2(h˜(α
′))− f2(h˜(β′))
h˜(α′)− h˜(β′)
)
(f3 ◦ h˜)β′(β′) dβ′
= [(U˜f1), (U˜f2); ∂α′(U˜f3)]h˜(α
′)

Lemma 7.3. Let ∆ be defined by (52). Then
(1) ∆(f1f2 · · · fn) =
n∑
i=1
{
U˜(f1)b · · · U˜(fi−1)b
}
∆(fi)
{
(fi+1)a · · · (fn)a
}
(2) ∆[f,H]∂α′g = [∆f,H]∂α′(ga) +
[
U˜(f)b,H− H˜
]
∂α′(ga) + U˜
{
[fb,H]∂α′
(
U˜−1(∆g)
)}
(3) ∆[f1, f2; ∂α′f3] = [∆f1, (f2)a; ∂α′(f3)a] +
[
U˜(f1)b,∆f2; ∂α′(f3)a
]
+
[
U˜(f1)b, U˜(f2)b; ∂α′(∆f3)
]
+
{[
U˜(f1)b, U˜(f2)b; ∂α′ U˜(f3)b
]− [U˜(f1)b, U˜(f2)b; ∂α′ U˜(f3)b]h˜}
Proof. The first identity follows immediately from the definition. For the second, we see that
∆[f,H]∂α′g = [fa,H]∂α′ga − U˜ [fb,H]∂α′gb
= [fa,H]∂α′ga −
[
(U˜fb), H˜
]
∂α′(U˜gb)
= [∆(f),H]∂α′ga +
[
U˜(fb),H
]
∂α′ga −
[
(U˜fb), H˜
]
∂α′(U˜gb)
= [∆f,H]∂α′(ga) +
[
U˜(fb),H− H˜
]
∂α′(ga) +
[
U˜(fb), H˜
]
∂α′(∆(g))
= [∆f,H]∂α′(ga) +
[
U˜(fb),H− H˜
]
∂α′(ga) + U˜
{
[fb,H]∂α′
(
U˜−1(∆g)
)}
For the third estimate we see that
∆[f1, f2; ∂α′f3] = [(f1)a, (f2)a; ∂α′(f3)a]− U˜ [(f1)b, (f2)b; ∂α′(f3)b]
= [(f1)a, (f2)a; ∂α′(f3)a]−
[
U˜(f1)b, U˜(f2)b; ∂α′(U˜(f3)b)
]
h˜
= [∆f1, (f2)a; ∂α′(f3)a] +
[
U˜(f1)b,∆f2; ∂α′(f3)a
]
+
[
U˜(f1)b, U˜(f2)b; ∂α′(∆f3)
]
+
{[
U˜(f1)b, U˜(f2)b; ∂α′ U˜(f3)b
]− [U˜(f1)b, U˜(f2)b; ∂α′ U˜(f3)b]h˜}

The following lemma gives us control of some basic quantities required for the proof of Theo-
rem 7.1.
Lemma 7.4. Assume the hypothesis of Theorem 7.1. We will suppress the dependence of L1 i.e.
we write a . b instead of a ≤ C(L1)b. Let f ∈ S(R). With this notation we have the following
estimates for all t ∈ [0, T )
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(1) ‖h˜α′‖L∞(t),
∥∥∥∥ 1
h˜α′
∥∥∥∥
L∞
(t) . 1
(2)
∣∣∣∣ h˜(α′, t)− h˜(β′, t)α′ − β′
∣∣∣∣, ∣∣∣∣ α′ − β′
h˜(α′, t)− h˜(β′, t)
∣∣∣∣ . 1 for all α′ 6= β′
(3) ‖U˜f‖2 . ‖f‖2 and ‖U˜f‖H˙ 12 . ‖f‖H˙ 12 . These estimates are also true for the operator U˜
−1
instead of U˜ .
(4) ‖H(f)‖2 . ‖f‖2, ‖H(f)‖H˙ 12 . ‖f‖H˙ 12 and ‖H˜(f)‖2 . ‖f‖2
(5) ‖h˜α′‖
H˙
1
2
(t),
∥∥∥∥ 1
h˜α′
∥∥∥∥
H˙
1
2
(t) . 1
(6)
∥∥∥∥|Z,α′ |aU˜( 1|Z,α′ |
)
b
∥∥∥∥
∞
(t),
∥∥∥∥ 1|Z,α′ |a U˜(|Z,α′ |)b
∥∥∥∥
∞
(t) . 1
(7) ‖(|Dα′ |)ah˜α′‖2(t) . 1
(8)
∥∥∥∥(|Dα′ |)a{|Z,α′ |aU˜( 1|Z,α′ |
)
b
}∥∥∥∥
2
(t),
∥∥∥∥(|Dα′ |)a{ 1|Z,α′ |a U˜(|Z,α′ |)b
}∥∥∥∥
2
(t) . 1
Proof. We will prove each of the estimates individually.
(1) From (9) we know that ha(α
′, 0) = hb(α′, 0) = α′ at time t = 0. Now observe that
U−1h
(
htα
hα
)
= bα′ and ∂thα =
(
htα
hα
)
hα and ∂t
1
hα
= −
(
htα
hα
)
1
hα
and as ‖(bα′)b‖∞ is controlled by (Ehigh)b(t) and ‖(bα′)a‖∞ is controlled by (Eσ)a(t), we see
that (hα)i and
(
1
hα
)
i
remain bounded for both i = a, b. Now
(Dt)ah˜α′ = U
−1
ha
(
∂t
(hα)b
(hα)a
)
= h˜α′U
−1
ha
{(
htα
hα
)
b
−
(
htα
hα
)
a
}
= h˜α′(U˜(bα′)b − (bα′)a)
Hence as h˜α′ = 1 at time t = 0, we see that ‖h˜α′‖∞(t) . 1. Similarly for
1
h˜α′
.
(2) This is an easy consequence of ‖h˜α′‖L∞(t),
∥∥∥∥ 1
h˜α′
∥∥∥∥
L∞
(t) . 1 and the fact that h˜(·, t) is a home-
omorphism.
(3) We see that
‖U˜f‖22 =
∫ ∣∣f(h˜(α′))∣∣2 dα′ = ∫ |f(s)|2∣∣(h˜α′ ◦ h˜−1)(s)∣∣ ds . ‖f‖22
Similarly we have that
‖U˜f‖2
H˙
1
2
=
1
2π
∫ ∫ |f(h˜(α′))− f(h˜(β′))|2
(α′ − β′)2 dα
′ dβ′
=
1
2π
∫ ∫ ( |f(x)− f(y)|2
(h˜−1(x) − h˜−1(y))2
)
1∣∣(h˜α′ ◦ h˜−1)(x)(h˜α′ ◦ h˜−1)(y)∣∣ dx dy
.
1
2π
∫ ∫ |f(x)− f(y)|2
(α′ − β′)2 dx dy
. ‖f‖2
H˙
1
2
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In the same way we can prove the estimates for U˜−1.
(4) This follows directly from Proposition 10.3.
(5) As ‖(bα′)i‖
L∞∩H˙ 12 and is controlled by C(L1) for i = a, b, using Lemma 4.4 and Proposition 9.6
we see that
d
dt
‖h˜α′‖2
H˙
1
2
. ‖h˜α′‖2
H˙
1
2
+ ‖h˜α′‖
H˙
1
2
‖(Dt)ah˜α′‖
H˙
1
2
. ‖h˜α′‖2
H˙
1
2
+ ‖h˜α′‖
H˙
1
2
‖h˜α′(U˜(bα′)b − (bα′)a)‖
H˙
1
2
. ‖h˜α′‖2
H˙
1
2
+ ‖h˜α′‖
H˙
1
2
(‖h˜α′‖∞ + ‖h˜α′‖H˙ 12 )
. (‖h˜α′‖2
H˙
1
2
+ 1)
Now as ‖h˜α′‖
H˙
1
2
(0) = 0, we obtain that ‖h˜α′‖
H˙
1
2
(t) . 1 for t ∈ [0, T ).
(6) Using (24) we observe that
(Dt)a
{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}
=
{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}
Re
{
(Dα′Zt)a − U˜(Dα′Zt)b − (bα′)a + U˜(bα′)b
}
Hence we have that
∥∥∥∥|Z,α′ |aU˜( 1|Z,α′ |
)
b
∥∥∥∥
∞
(t) . 1 for all t ∈ [0, T ). The other estimate is
proven similarly.
(7) We first observe that
(Dt)a|Dα′ |ah˜α′ = −Re(Dα′Zt)a|Dα′ |ah˜α′ + |Dα′ |a(Dt)ah˜α′
= −Re(Dα′Zt)a|Dα′ |ah˜α′ + |Dα′ |a
{
h˜α′(U˜(bα′)b − (bα′)a)
}
= −Re(Dα′Zt)a|Dα′ |ah˜α′ + (|Dα′ |ah˜α′)(U˜(bα′)b − (bα′)a)
+ h˜α′
{
h˜α′
(
1
|Z,α′ |a
U˜(|Z,α′ |)b
)
U˜(|Dα′ |bα′)b − (|Dα′ |bα′)a
}
Hence using Lemma 4.4 we have
d
dt
∥∥∥|Dα′ |ah˜α′∥∥∥2
2
.
∥∥∥|Dα′ |ah˜α′∥∥∥2
2
+
∥∥∥|Dα′ |ah˜α′∥∥∥
2
∥∥∥(Dt)a|Dα′ |ah˜α′∥∥∥
2
.
{∥∥∥|Dα′ |ah˜α′∥∥∥2
2
+ 1
}
As |Dα′ |ah˜α′ = 0 at time t = 0, we are done.
(8) Using (24) we observe that
(|Dα′ |)a
{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}
=
{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}{
−
(
∂α′
1
|Z,α′ |
)
a
+ h˜α′
(
1
|Z,α′ |a
U˜(|Z,α′ |)b
)
U˜
(
∂α′
1
|Z,α′ |
)
b
}
Hence we see that
∥∥∥∥(|Dα′ |)a{|Z,α′ |aU˜( 1|Z,α′ |
)
b
}∥∥∥∥
2
(t) . 1 for all t ∈ [0, T ). The other estimate
is proven similarly.
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
7.1. Quantities controlled by E∆
In this section whenever we write f ∈ L2∆α , what we mean is that there exists a constant C(L1)
depending only on L1 such that ‖f‖2 ≤ C(L1)(E∆)α. Similar definitions for f ∈ L1∆α , f ∈ H˙
1
2
∆α
and f ∈ L∞∆α . We define the spaces C∆α and W∆α as follows
(1) If w ∈ L∞∆α and |Dα′ |aw ∈ L2∆α , then we say f ∈ W∆α . Define
‖w‖W∆α = ‖w‖W = ‖w‖∞ + ‖|Dα′ |aw‖2
(2) If f ∈ H˙
1
2
∆α and f |Z,α′ |a ∈ L2∆α , then we say f ∈ C∆α . Define
‖f‖C∆α = ‖f‖C = ‖f‖H˙ 12 +
(
1 +
∥∥∥∥(∂α′ 1|Z,α′ |
)
a
∥∥∥∥
2
)∥∥f |Z,α′ |a∥∥2
Now analogous to Lemma 4.3 we have the following lemma
Lemma 7.5. Let α1, α2, α3 ≥ 0 with α1 + α2 = α3. Then the following properties hold for the
spaces W∆α and C∆α
(1) If w1 ∈ W∆α1 , w2 ∈ W∆α2 , then w1w2 ∈ W∆α3 . Moreover we have the estimate ‖w1w2‖W∆α3 .‖w1‖W∆α1 ‖w2‖W∆α2
(2) If f ∈ C∆α1 and w ∈ W∆α2 , then fw ∈ C∆α3 . Moreover ‖fw‖C∆α3 . ‖f‖C∆α1 ‖w‖W∆α2
(3) If f ∈ C∆α1 , g ∈ C∆α2 , then fg|Z,α′ |a ∈ L2∆α3 . Moreover
∥∥fg|Z,α′ |a∥∥2 . ‖f‖C∆α1 ‖g‖C∆α2
When we write f ∈ L2 we mean f ∈ L2∆α with α = 0. Similar notation for H˙
1
2 , L∞, C and W .
It is important to note that if f ∈ L2 and f ∈ L2∆α , then we have f ∈ L2∆β for all 0 < β < α. We
say that a ≈L2
∆α
b if a− b ∈ L2∆α . It should be noted that ≈L2∆α is an equivalence relation. Similar
definitions for ≈L1
∆α
,≈L∞
∆α
, ≈
H˙
1
2
∆α
, ≈W∆α and ≈C∆α .
In this section, we will need to commute weights and derivatives with the operators U˜ ,∆ quite
frequently and hence the following lemma will be very frequently used.
Lemma 7.6. Let f, g ∈ S(R) and let α ∈ R. Then
(1) If gaU˜(∂α′f)b ∈ L2 then
(a) ga∂α′ U˜(f)b ∈ L2
(b) gaU˜(∂α′f)b ≈L2√
∆
ga∂α′ U˜(f)b
(c) ga∆(∂α′f) ≈L2√
∆
ga∂α′∆(f)
These estimates are also true if we replace (L2, L2√
∆
) with (L∞, L∞√
∆
), (L∞∩H˙ 12 , L∞√
∆
∩H˙
1
2√
∆
),
(W ,W√∆) or (C, C√∆).
(2) If gaU˜(f)b ∈ L2 then
(a) (g|Z,α′ |α)aU˜
(
|Z,α′ |−αf
)
b
∈ L2
(b) gaU˜(f)b ≈L2√
∆
(g|Z,α′ |α)aU˜
(
|Z,α′ |−αf
)
b
(c) ga∆(f) ≈L2√
∆
(g|Z,α′ |α)a∆(|Z,α′ |−αf)
These estimates are also true if we replace (L2, L2√
∆
) with (L∞, L∞√
∆
), (W ,W√∆) or (C, C√∆).
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(3) If gaU˜(f)b ∈ L2 then
(a) (gωα)aU˜(ω
−αf)b ∈ L2
(b) gaU˜(f)b ≈L2√
∆
(gωα)aU˜(ω
−αf)b
(c) ga∆(f) ≈L2√
∆
(gωα)a∆(ω
−αf)
These estimates are also true if we replace (L2, L2√
∆
) with (L∞, L∞√
∆
), (W ,W√∆) or (C, C√∆).
Proof. We prove each of the statements individually.
(1) We first observe that the energy E∆ controls (h˜α′ − 1) ∈ L∞√∆ ∩ H˙
1
2√
∆
∩W√∆. Now notice that
ga∂α′ U˜(f)b = h˜α′gaU˜(∂α′f)b. As h˜α′ ∈ L∞ we see that ga∂α′ U˜(f)b ∈ L2. Now we have
ga∂α′ U˜(f)b − gaU˜(∂α′f)b = (h˜α′ − 1)gaU˜(∂α′f)b
and hence ‖ga∂α′ U˜(f)b − gaU˜(∂α′f)b‖2 ≤ ‖h˜α′ − 1‖∞‖gaU˜(∂α′f)b‖2 ≤ C(L1)(E∆)
1
2 . The
other estimates are shown similarly using the fact that h˜α′ ∈ L∞ ∩ H˙ 12 ∩ W and (h˜α′ − 1) ∈
L∞√
∆
∩ H˙
1
2√
∆
∩W√∆.
(2) Observe that the energy E∆ controls ∆w ∈ L∞√∆ and ∆
(
∂α′
1
Z,α′
)
∈ L2√
∆
. Hence by using (16)
we see that ∆
(
∂α′
1
|Z,α′ |
)
∈ L2√
∆
and ∆(|Dα′ |ω) ∈ L2√∆.
Now observe that for α ∈ R, we have |zα − 1| ≤ C(α)|z − 1|max(|z|α, 1) for z ∈ C. Hence
using the fact that |Z,α′ |aU˜
(
1
|Z,α′ |
)
b
− 1 ∈ L∞√
∆
we see that
(
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
)α
− 1 ∈ L∞√
∆
.
In particular we have
1
|Z,α′ |a
U˜(|Z,α′ |)b − 1 ∈ L∞√∆. Now we have
(|Dα′ |)a
{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}
=
{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}{
−
(
∂α′
1
|Z,α′ |
)
a
+ h˜α′
(
1
|Z,α′ |a
U˜(|Z,α′ |)b
)
U˜
(
∂α′
1
|Z,α′ |
)
b
}
Hence we see that |Z,α′ |aU˜
(
1
|Z,α′ |
)
b
− 1 ∈ W√∆ or more generally
(
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
)α
− 1 ∈
W√∆. Now coming back we see that
(g|Z,α′ |α)aU˜
(
|Z,α′ |−αf
)
b
=
(
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
)α
gaU˜(f)b
Now as |Z,α′ |aU˜
(
1
|Z,α′ |
)
b
∈ L∞, we see that (g|Z,α′ |α)aU˜
(
|Z,α′ |−αf
)
b
∈ L2. Now
(g|Z,α′ |α)aU˜
(
|Z,α′ |−αf
)
b
− gaU˜(f)b =
{(
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
)α
− 1
}
gaU˜(f)b
Hence we have
∥∥∥(g|Z,α′ |α)aU˜(|Z,α′ |−αf)
b
− gaU˜(f)b
∥∥∥
2
≤ C(L1)(E∆) 12 . The other estimates
are proven similarly using |Z,α′ |aU˜
(
1
|Z,α′ |
)
b
∈ L∞ ∩ W and
{(
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
)α
− 1
}
∈
L∞√
∆
∩W√∆.
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(3) This is proved exactly the same as above. Here we use the estimate ∆(w) ∈ L∞√
∆
and |w| = 1
to see that ωaU˜(ω
−1)b − 1 ∈ L∞√∆ or more generally ωαa U˜(ω−α)b − 1 ∈ L∞√∆. Now we observe
that
|Dα′ |a
(
ωaU˜(ω
−1)b
)
=
(
ωaU˜(ω
−1)b
){
ωa|Dα′ |aωa −
h˜α
|Z,α′ |a
U˜(|Z,α′ |)bU˜(ω)bU˜(|Dα′ |ω)b
}
Now as the energy E∆ controls ∆(|Dα′ |ω) ∈ L2√∆, we see that ωaU˜(ω−1)b − 1 ∈ W√∆ or more
generally ωαa U˜(ω
−α)b − 1 ∈ W√∆. Now using
(gωα)aU˜
(
ω−αf
)
b
− gaU˜(f)b = gaU˜(f)b
{
ωαa U˜(ω
−α)b − 1
}
we easily reach the desired conclusion.

One important conclusion from the proof of the previous lemma is that for any α ∈ R we have{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}α
− 1 ∈ W√∆ and ωαa U˜(ω−α)b − 1 ∈ W√∆. This estimate along with the fact
that (h˜α′ − 1) ∈ W√∆ ∩ H˙
1
2√
∆
will be heavily used in the proof of the energy estimate.
Let us now control the main terms controlled byE∆. We will heavily use the lemmas proven earlier
namely Lemma 7.2, Lemma 7.3, Lemma 7.4, Lemma 7.5 and Lemma 7.6 along with Proposition 9.5
and Proposition 10.4 from the appendix. As we will be using Lemma 7.2, Lemma 7.3 and Lemma 7.4
in almost every step, we will skip referencing them. The proof of the estimates in this section follow
exactly analogous to the proof of the control of the quantities controlled by Eσ from Sec 5.1 of [1],
and in particular we use the identities established there and then subtract the terms of the two
solutions. As the proofs are straighforward modifications of the proofs in Sec 5.1 of [1], we will
just control a few terms and show how it is done and the rest are proved analogously. A few terms
require a bit more work and we give more details for those terms. The numbering system employed
here for the quantities controlled is the same as used in Sec 5.1 of [1].
(1) ∆(Zt,α′) ∈ L2√∆, ∂α′∆(Zt) ∈ L2√∆ and |Dα′ |a∆(Dα′Zt) ∈ L2√∆,∆(|Dα′ |Dα′Zt) ∈ L2√∆
Proof: As (A1)a ≥ 1, we see that E∆ controls ∆(Zt,α′) ∈ L2√∆ and |Dα′ |a∆(Dα′Zt) ∈ L2√∆.
We obtain the other two estimates by using Lemma 7.6.
(2) ∆(A1) ∈ L∞√∆ ∩ H˙
1
2√
∆
Proof: Recall from (8) that A1 = 1− Im[Zt,H]Zt,α′ and hence we have
∆(A1)
= −Im{∆[Zt,H]∂α′Zt}
= −Im
{
[∆Zt,H]∂α′(Zt)a +
[
U˜(Zt)b,H− H˜
]
∂α′(Zt)a + U˜
{
[(Zt)b,H]∂α′
(
U˜−1(∆Zt)
)}}
Hence using Proposition 9.5, Proposition 10.4 and Lemma 7.6 we get
‖∆(A1)‖
L∞∩H˙ 12 ≤ C(L1)(E∆)
1
2
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(3) ∆
(
∂α′
1
Z,α′
)
∈ L2√
∆
,∆
(
∂α′
1
|Z,α′ |
)
∈ L2√
∆
,∆(|Dα′ |ω) ∈ L2√∆ and hence ∆(ω) ∈ W√∆
Proof: Observe that ∆
(
∂α′
1
Z,α′
)
∈ L2√
∆
as it is part of the energy E∆,0. Recall from (16) that
Re
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= ∂α′
1
|Z,α′ | Im
(
Z,α′
|Z,α′ |∂α
′
1
Z,α′
)
= i(ω|Dα′ |ω)
Using ∆(w) ∈ L∞√
∆
we obtain ∆
(
∂α′
1
|Z,α′ |
)
∈ L2√
∆
and ∆(|Dα′ |ω) ∈ L2√∆. Now using
Lemma 7.6 we obtain |Dα′ |a∆(w) ∈ L2√∆ and hence ∆(ω) ∈ W√∆.
(4) ∆(Dα′Zt) ∈ L∞√∆,∆(|Dα′ |Zt) ∈ L∞√∆ and ∆(Dα′Zt) ∈ L∞√∆
Proof: First observe that from Lemma 7.6 we have |Z,α′ |a∆(Dα′Zt) ≈L2√
∆
∆(ωZt,α′) ∈ L2√∆.
Hence we have
∂α′(∆(Dα′Zt))
2 = 2
{|Z,α′ |a∆(Dα′Zt)}|Dα′ |a∆(Dα′Zt) ∈ L1∆
Hence ∆(Dα′Zt) ∈ L∞√∆. The other ones are obtained easily by using Lemma 7.6.
(5) ∆(D2α′Zt) ∈ L2√∆,∆(|Dα′ |
2
Zt) ∈ L2√∆,∆(D2α′Zt) ∈ L2√∆ and ∆
(
1
Z2,α′
∂α′Zt,α′
)
∈ L2√
∆
Proof: We already know that ∆(|Dα′ |Dα′Zt) ∈ L2√∆ and hence using Lemma 7.6 we have
∆(D2α′Zt) ∈ L2√∆. Now
D2α′Zt = Dα′
(
ω|Dα′ |Zt
)
= (Dα′ω)|Dα′ |Zt + ω2|Dα′ |2Zt
Applying ∆ to the above equation we easily get ∆(|Dα′ |2Zt) ∈ L2√∆. The estimate ∆(D2α′Zt) ∈
L2√
∆
and ∆
(
1
Z2,α′
∂α′Zt,α′
)
∈ L2√
∆
is proven similarly.
(6) ∆(Dα′Zt) ∈ W√∆ ∩ C√∆,∆(|Dα′ |Zt) ∈ W√∆ ∩ C√∆,∆(Dα′Zt) ∈ W√∆ ∩ C√∆
Proof: As ∆(Dα′Zt) ∈ L∞√∆ and |Dα′ |a∆(Dα′Zt) ∈ L2√∆ we see that ∆(Dα′Zt) ∈ W√∆. Now
|Z,α′ |a∆(Dα′Zt) ∈ L2√∆ and using Proposition 9.8 with f = ∆(Dα′Zt) and w =
1
|Z,α′ |a
we see
that ∥∥∆(Dα′Zt)∥∥2H˙ 12 . ∥∥|Z,α′ |a∆(Dα′Zt)∥∥2∥∥∥∥∂α′( 1|Z,α′ |a∆(Dα′Zt)
)∥∥∥∥
2
+
∥∥|Z,α′ |a∆(Dα′Zt)∥∥22∥∥∥∥∂α′ 1|Z,α′ |a
∥∥∥∥2
2
From this we obtain ∆(Dα′Zt) ∈ W√∆ ∩ C√∆. As ω ∈ W , using Lemma 7.6 and Lemma 7.5
we see that ∆(|Dα′ |Zt) ∈ W√∆ ∩ C√∆. The other one is proven similarly.
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(7) ∆
{
∂α′PA
(
Zt
Z,α′
)}
∈ L∞√
∆
Proof: In Sec 5.1 of [1] we have shown the formula
2∂α′PA
( Zt
Z,α′
)
= 2Dα′Zt +
[
1
Z,α′
,H
]
Zt,α′ + [Zt,H]∂α′
1
Z,α′
Now applying ∆ to the formula above, the estimate follows easily from Proposition 9.5, Propo-
sition 10.4 and Lemma 7.6.
(8) ∆(|Dα′ |A1) ∈ L2√∆ and hence ∆(A1) ∈ W√∆,∆(
√
A1) ∈ W√∆,∆
(
1
A1
)
∈ W√∆ and also
∆
(
1√
A1
)
∈ W√∆
Proof: In Sec 5.1 of [1] we established the formula
(I−H)Dα′A1 = i(I−H)
(
(Dα′Zt)Zt,α′
)
+ i
[
PA
(
Zt
Z,α′
)
,H
]
∂α′Zt,α′
Now by applying ∆ to the formula above and using Proposition 9.5, Proposition 10.4 and
Lemma 7.6, we see that (I − H)Dα′A1 ∈ L2√∆. Now in Sec 5.1 of [1] we also established the
formula
|Dα′ |A1 = Re{ω(I−H)Dα′A1} − Re
{
ω
[
1
Z,α′
,H
]
∂α′A1
}
Hence by applying ∆ to the formula above and using Proposition 9.5, Proposition 10.4 and
Lemma 7.6, we easily get ∆(|Dα′ |A1) ∈ L2√∆. Hence using Lemma 7.6 we see that ∆(A1) ∈
W√∆. Now as (A1)a ≥ 1 and (A1)a ∈ W , we get from Lemma 7.5 that
1
(A1)a
U˜(A1)b−1 ∈ W√∆.
The inequality |zα − 1| ≤ C(α)|z − 1|max(|z|α, 1) for z ∈ C, α ∈ R implies that we have(
1
(A1)a
U˜(A1)b
)α
− 1 ∈ W√∆. Choosing suitable values of α imply all the other estimates.
(9) ∆(Θ) ∈ L2√
∆
and ∆(DtΘ) ∈ L2√∆
Proof: The proof of ∆(Θ) ∈ L2√
∆
follows easily by applying ∆ to the formula (26) and using
Proposition 10.4. Also ∆(DtΘ) ∈ L2√∆ as it part of E∆.
(10)
1
|Z,α′ |a
∆(Θ) ∈ C√∆,∆
(
Θ
|Z,α′ |
)
∈ C√∆
Proof: The energy E∆ controls
√
(A1)a
|Z,α′ |a
∆(Θ) ∈ H˙
1
2√
∆
. Now as
√
(A1)a∆(Θ) ∈ L2√∆ this implies
that
√
(A1)a
|Z,α′ |a
∆(Θ) ∈ C√∆. Hence by using Lemma 7.5 and observing that
1√
(A1)a
∈ W we
obtain
1
|Z,α′ |a
∆(Θ) ∈ C√∆. The other estimate is now obtained by using Lemma 7.6.
From now on we will just state the estimates and the proof follows exactly as in Sec 5.1
of [1] and can be easily obtained by applying ∆ to the formulae there and using Lemma 7.5,
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Lemma 7.6, Proposition 9.5 and Proposition 10.4 as shown in the above examples. For estimates
which do not follow this pattern we give more details.
(11) ∆
(
Dα′
1
Z,α′
)
∈ C√∆, ∆
(
|Dα′ | 1
Z,α′
)
∈ C√∆, ∆
(
|Dα′ | 1|Z,α′ |
)
∈ C√∆ and similarly we have
∆
(
1
|Z,α′ |2
∂α′ω
)
∈ C√∆
(12) ∆
(
1
|Z,α′ |2
∂α′A1
)
∈ L∞√
∆
∩ H˙
1
2√
∆
and hence ∆
(
1
|Z,α′ |2
∂α′A1
)
∈ C√∆
(13) ∆
(
1
|Z,α′ |3
∂2α′A1
)
∈ L2√
∆
, |Dα′ |∆
(
1
|Z,α′ |2
∂α′A1
)
∈ L2√
∆
and ∆
(
1
|Z,α′ |2
∂α′A1
)
∈ W√∆
(14) ∆(bα′) ∈ L∞√∆ ∩ H˙
1
2√
∆
and ∆(H(bα′)) ∈ L∞√∆ ∩ H˙
1
2√
∆
(15) ∆(|Dα′ |bα′) ∈ L2√∆ and hence ∆(bα′) ∈ W√∆
(16) ∆
{
∂α′Dt
1
Z,α′
}
∈ L2√
∆
, ∆
{
Dt∂α′
1
Z,α′
}
∈ L2√
∆
(17) ∆(Ztt,α′) ∈ L2√∆
(18) ∆(Dα′Ztt) ∈ C√∆, ∆(|Dα′ |Ztt) ∈ C√∆, ∆(DtDα′Zt) ∈ C√∆ and ∆(Dt|Dα′ |Zt) ∈ C√∆
(19) ∆(DtA1) ∈ L∞√∆ ∩ H˙
1
2√
∆
(20) ∆(Dt(bα′ −Dα′Zt −Dα′Zt)) ∈ L∞√∆ ∩ H˙
1
2√
∆
and hence ∆(Dtbα′) ∈ H˙
1
2√
∆
,∆(∂α′Dtb) ∈ H˙
1
2√
∆
Now we start controlling terms with surface tension. Note that these estimates are only
for the solution A and hence the estimates have already been shown in Sec 5.1 in [1] and no
new work has to be done at all. For most of the estimates we will have that the power of σ
will be the same as that of the power of ∆. For e.g. we have
(
σ
1
6 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
a
∈ L2
∆
1
6
and both σ and ∆ are raised to the same power 1/6. However the estimates derived from
σ∂α′Θ, σ∂α′Dα′Θ and σD
2
α′Θ will not follow this pattern. For e.g. we will have (σ
1
3Θ) ∈ L∞
∆
1
6
and not (σ
1
3Θ) ∈ L∞
∆
1
3
. The reason is that E∆ controls ∆
(
(Ztt − i)Z,α′
) ∈ H˙ 12√
∆
not H˙
1
2
∆ and
hence we have (σ∂α′Θ) ∈ H˙
1
2√
∆
. Similarly for σ∂α′Dα′Θ and σD
2
α′Θ.
(21)
(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
a
∈ L∞√
∆
,
(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
|Z,α′ |
)
a
∈ L∞√
∆
,
(
σ
1
2
|Z,α′ |
1
2
∂α′ω
)
a
∈ L∞√
∆
and(
σ
1
2 |Z,α′ |
1
2ReΘ
)
a
∈ L∞√
∆
(22)
(
σ
1
6 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
a
∈ L2
∆
1
6
,
(
σ
1
6 |Z,α′ |
1
2 ∂α′
1
|Z,α′ |
)
a
∈ L2
∆
1
6
,
(
σ
1
6
|Z,α′ |
1
2
∂α′ω
)
a
∈ L2
∆
1
6
(23) (σ∂α′Θ)a ∈ H˙
1
2√
∆
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Proof: Note carefully that we claim the estimate (σ∂α′Θ)a ∈ H˙
1
2√
∆
and not (σ∂α′Θ)a ∈ H˙
1
2
∆.
From the fundamental equation (10) we have
∆
(
(Ztt − i)Z,α′
)
= −i∆(A1) + (σ∂α′Θ)a
and we know that E∆ controls ∆
(
(Ztt − i)Z,α′
) ∈ H˙ 12√
∆
. As ∆(A1) ∈ H˙
1
2√
∆
, we obtain the
above estimate.
(24)
(
σ
2
3 ∂α′Θ
)
a
∈ L2
∆
1
3
(25)
(
σ
2
3 ∂2α′
1
Z,α′
)
a
∈ L2
∆
1
3
,
(
σ
2
3 ∂2α′
1
|Z,α′ |
)
a
∈ L2
∆
1
3
,
(
σ
2
3
|Z,α′ |∂
2
α′ω
)
a
∈ L2
∆
1
3
and similarly we have(
σ
2
3 ∂α′ |Dα′ |ω
)
a
∈ L2
∆
1
3
Proof: Note carefully that we have L2
∆
1
3
and not L2
∆
2
3
in the above estimate. First see that(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
a
∈ L2 as (Eσ)a(t) ≤ C(L1) and (Eσ)a controls it. But we have already
shown above that
(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
a
∈ L2√
∆
. Hence we have
(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
a
∈ L2∆β
for all 0 ≤ β ≤ 1/2. In a similar way we can show that
(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
|Z,α′ |
)
a
∈ L2∆β etc. for
all 0 ≤ β ≤ 1/2. Due to this argument, the proof of the above estimates follow in the same way
as is shown in Sec 5.1 in [1].
(26) (σ
1
3Θ)a ∈ L∞∆ 16 ∩ H˙
1
2
∆
1
6
(27)
(
σ
1
3 ∂α′
1
Z,α′
)
a
∈ L∞
∆
1
6
∩ H˙
1
2
∆
1
6
,
(
σ
1
3 ∂α′
1
|Z,α′ |
)
a
∈ L∞
∆
1
6
∩ H˙
1
2
∆
1
6
,
(
σ
1
3 |Dα′ |ω
)
a
∈ L∞
∆
1
6
∩ H˙
1
2
∆
1
6
(28) (σ∂α′Dα′Θ)a ∈ L2√∆, (σ|Dα′ |∂α′Θ)a ∈ L2√∆, (σ∂α′ |Dα′ |Θ)a ∈ L2√∆
(29)
(
σ
|Z,α′ |∂
3
α′
1
Z,α′
)
a
∈ L2√
∆
,
(
σ
|Z,α′ |∂
3
α′
1
|Z,α′ |
)
a
∈ L2√
∆
,
(
σ
|Z,α′ |2
∂3α′ω
)
a
∈ L2√
∆
(30)
(
σ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
)
a
∈ L2√
∆
,
(
σ
1
2
|Z,α′ |
1
2
∂2α′
1
|Z,α′ |
)
a
∈ L2√
∆
,
(
σ
1
2
|Z,α′ |
3
2
∂2α′ω
)
a
∈ L2√
∆
and also(
σ
1
2
|Z,α′ |
1
2
∂α′Θ
)
a
∈ L2√
∆
(31)
(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
a
∈ W√∆,
(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
|Z,α′ |
)
a
∈ W√∆,
(
σ
1
2
|Z,α′ |
1
2
∂α′ω
)
a
∈ W√∆ and(
σ
1
2 |Z,α′ |
1
2ReΘ
)
a
∈ W√∆
(32)
(
σ
5
6
|Z,α′ |
1
2
∂α′Θ
)
a
∈ L∞
∆
5
12
∩ H˙
1
2
∆
5
12
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(33)
(
σ
5
6
|Z,α′ |
1
2
∂2α′
1
Z,α′
)
a
∈ L∞
∆
5
12
∩ H˙
1
2
∆
5
12
,
(
σ
5
6
|Z,α′ |
1
2
∂2α′
1
|Z,α′ |
)
a
∈ L∞
∆
5
12
∩ H˙
1
2
∆
5
12
and similarly(
σ
5
6
|Z,α′ |
3
2
∂2α′ω
)
a
∈ L∞
∆
5
12
∩ H˙
1
2
∆
5
12
(34)
(
σ
1
2
|Z,α′ |
3
2
∂α′Θ
)
a
∈ C√∆
(35)
(
σ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
)
a
∈ C√∆,
(
σ
1
2
|Z,α′ |
3
2
∂2α′
1
|Z,α′ |
)
a
∈ C√∆,
(
σ
1
2
|Z,α′ |
5
2
∂2α′ω
)
a
∈ C√∆
(36)
(
σDα′Dα′Θ
)
a
∈ C√∆,
(
σD2α′Θ
)
a
∈ C√∆,
(
σ|Dα′ |2Θ
)
a
∈ C√∆,
(
σ
|Z,α′ |2
∂2α′Θ
)
a
∈ C√∆
(37)
(
σ
|Z,α′ |2
∂3α′
1
Z,α′
)
a
∈ C√∆,
(
σ
|Z,α′ |2
∂3α′
1
|Z,α′ |
)
a
∈ C√∆,
(
σ∂3α′
1
|Z,α′ |3
)
a
∈ C√∆ and similarly(
σ
|Z,α′ |3
∂3α′ω
)
a
∈ C√∆
(38)
(
σ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
)
a
∈ L2√
∆
,
(
σ
1
2 |Z,α′ |
1
2 ∂α′ |Dα′ |Zt
)
a
∈ L2√
∆
and
(
σ
1
2 |Z,α′ |
1
2 ∂α′Dα′Zt
)
a
∈ L2√
∆
(39)
(
σ
1
2
|Z,α′ |
5
2
∂2α′Zt,α′
)
a
∈ L2√
∆
,
(
σ
1
2
|Z,α′ |
3
2
∂2α′Dα′Zt
)
a
∈ L2√
∆
,
(
σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
)
a
∈ L2√
∆
and also
(
σ
1
2
|Z,α′ |
1
2
|Dα′ |2Zt,α′
)
a
∈ L2√
∆
,
(
σ
1
2
|Z,α′ |
1
2
∂α′D
2
α′Zt
)
a
∈ L2√
∆
(40)
(
σ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
)
a
∈ W√∆∩C√∆,
(
σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Zt
)
a
∈ W√∆∩C√∆ and similarly we have(
σ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
)
a
∈ W√∆ ∩ C√∆,
(
σ
1
2
|Z,α′ |
1
2
∂α′Dα′Zt
)
a
∈ W√∆ ∩ C√∆
(41)
(
σ
1
6
|Z,α′ |
3
2
∂α′Zt,α′
)
a
∈ L2
∆
1
6
,
(
σ
1
6
|Z,α′ |
1
2
∂α′ |Dα′ |Zt
)
a
∈ L2
∆
1
6
,
(
σ
1
6
|Z,α′ |
1
2
∂α′Dα′Zt
)
a
∈ L2
∆
1
6
(42)
(
σ
1
3
|Z,α′ |∂α
′Zt,α′
)
a
∈ L2
∆
1
3
,
(
σ
1
3 ∂α′ |Dα′ |Zt
)
a
∈ L2
∆
1
3
,
(
σ
1
3 ∂α′Dα′Zt
)
a
∈ L2
∆
1
3
(43)
(
σ
1
6
Zt,α′
|Z,α′ |
1
2
)
a
∈ W
∆
1
6
(44)
{
σ
1
6 ∂α′PA
(
Zt
Z
1/2
,α′
)}
a
∈ L∞
∆
1
6
(45)
(
σ
1
3
|Z,α′ |2
∂α′Zt,α′
)
a
∈ L∞
∆
1
3
∩ H˙
1
2
∆
1
3
70 SIDDHANT AGRAWAL
(46)
(
σ
1
3 ∂α′bα′
)
a
∈ L2
∆
1
3
(47)
(
σ
1
6
|Z,α′ |
1
2
∂α′bα′
)
a
∈ L2
∆
1
6
(48)
(
σ
1
2
|Z,α′ |
1
2
∂α′bα′
)
a
∈ L∞√
∆
(49)
(
σ
1
2
|Z,α′ |
3
2
∂2α′bα′
)
a
∈ L2√
∆
,
(
σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |bα′
)
a
∈ L2√
∆
and
(
σ
1
2
|Z,α′ |
1
2
∂α′Dα′bα′
)
a
∈ L2√
∆
(50)
(
σ
1
2
|Z,α′ |
1
2
∂α′A1
)
a
∈ L∞√
∆
(51)
(
σ
1
2
|Z,α′ |
3
2
∂2α′A1
)
a
∈ L2√
∆
(52) ∆
(
(I−H)D2tΘ
) ∈ L2√
∆
, ∆
(
(I−H)D2tZt,α′
) ∈ L2√
∆
, ∆
(
(I−H)D2tDα′Zt
) ∈ H˙ 12√
∆
Proof: Observe that the terms are of the form ∆
(
(I−H)D2t f
)
with f satisfying PAf = 0. Hence
we can use Proposition 10.1 to get
(I−H)D2t f
= 2
[
PA
(
Zt
Z,α′
)
,H
]
∂α′(Dtf)−
[
PA
(
Zt
Z,α′
)
,PA
(
Zt
Z,α′
)
; ∂α′f
]
+
1
4
(I−H)
{([
1
Z,α′
,H
]
Zt,α′
)
[Zt,H]Dα′f
}
− 1
4
(I−H)
{(
[Zt,H]∂α′
1
Z,α′
)2
f
}
+
1
2
[
[Zt, [Zt,H]]∂α′
1
Z,α′
,H
]
∂α′
(
f
Z,α′
)
+ [Ztt,H]Dα′f
Now we apply ∆ to the above equation and handle each term individually.
(a) Using Proposition 9.5 and Proposition 10.4 the term ∆
{[
PA
(
Zt
Z,α′
)
,H
]
∂α′(Dtf)
}
is easily
shown to be in L2√
∆
for f = Θ, Zt,α′ and in H˙
1
2√
∆
for f = Dα′Zt.
(b) Using Proposition 9.7 and Proposition 10.4 we see that ∆
[
PA
(
Zt
Z,α′
)
,PA
(
Zt
Z,α′
)
; ∂α′f
]
is
in L2√
∆
for f = Θ, Zt,α′ and in H˙
1
2√
∆
for f = Dα′Zt.
(c) Using Proposition 9.5 and Proposition 10.4 we see that ∆
([
1
Z,α′
,H
]
Zt,α′
)
∈ L∞√
∆
∩ H˙
1
2√
∆
(d) For f = Dα′Zt we see by using Proposition 9.5 and Proposition 10.4 that ∆([Zt,H]Dα′f) ∈
L∞√
∆
∩ H˙
1
2√
∆
. For f = Θ, Zt,α′ we observe that
[Zt,H]Dα′f =
[
PA
(
Zt
Z,α′
)
,H
]
∂α′f
Hence by using Proposition 9.5 and Proposition 10.4 we see that ∆([Zt,H]Dα′f) ∈ L2√∆
for f = Θ, Zt,α′ . Hence combining these estimates with the previous estimate we see
WATER WAVES 71
that ∆(I−H)
{([
1
Z,α′
,H
]
Zt,α′
)
[Zt,H]Dα′f
}
is in L2√
∆
for f = Θ, Zt,α′ and in H˙
1
2√
∆
for
f = Dα′Zt.
(e) Using Proposition 9.5 and Proposition 10.4 we see that ∆
(
[Zt,H]∂α′
1
Z,α′
)
∈ L∞√
∆
∩ H˙
1
2√
∆
.
Hence using this we see that ∆(I − H)
{(
[Zt,H]∂α′
1
Z,α′
)2
f
}
is in L2√
∆
for f = Θ, Zt,α′
and in H˙
1
2√
∆
for f = Dα′Zt.
(f) Using Proposition 9.7 and Proposition 10.4 we see that ∂α′∆
(
[Zt, [Zt,H]]∂α′
1
Z,α′
)
∈ L2√
∆
(g) For f = Dα′Zt we observe that ∂α′∆
(
f
Z,α′
)
∈ L2√
∆
. For f = Θ, Zt,α′ we see that
∆
(
f
Z,α′
)
∈ C√∆. Hence combining this with the previous estimate and using Proposi-
tion 9.5 and Proposition 10.4 we see that
[
[Zt, [Zt,H]]∂α′
1
Z,α′
,H
]
∂α′
(
f
Z,α′
)
is in L2√
∆
for
f = Θ, Zt,α′ and in H˙
1
2√
∆
for f = Dα′Zt.
(h) For f = Dα′Zt we observe that by using Proposition 9.5 and Proposition 10.4 we obtain
∆([Ztt,H]Dα′f) ∈ H˙
1
2√
∆
. For f = Θ, Zt,α′ we see that
[Ztt,H]Dα′f = −[Ztt,H]
{(
∂α′
1
Z,α′
)
f
}
+ [Ztt,H]∂α′
(
f
Z,α′
)
Now observe that for f = Θ, Zt,α′ we have ∆
{(
∂α′
1
Z,α′
)
f
}
∈ L1√
∆
and ∆
(
f
Z,α′
)
∈ C√∆.
Hence using Proposition 9.5 and Proposition 10.4 we see that ∆([Ztt,H]Dα′f) ∈ L2√∆ for
f = Θ, Zt,α′ .
Hence we have the required estimate.
(53)
(
σ(I−H)|Dα′ |3Θ
)
a
∈ L2√
∆
,
(
σ(I−H)|Dα′ |3Zt,α′
)
a
∈ L2√
∆
,
(
σ(I−H)|Dα′ |3Dα′Zt
)
a
∈ H˙ 12√
∆
(54) ∆
{[
D2t ,
1
Z,α′
]
Zt,α′
}
∈ C√∆, ∆
{[
D2t ,
1
Z ,α′
]
Zt,α′
}
∈ C√∆
(55) ∆
{[
i
A1
|Z,α′ |2
∂α′ ,
1
Z,α′
]
Zt,α′
}
∈ C√∆, ∆
{[
i
A1
|Z,α′ |2
∂α′ ,
1
Z ,α′
]
Zt,α′
}
∈ C√∆
(56)
{
(I−H)
[
iσ|Dα′ |3, 1
Z,α′
]
Zt,α′
}
a
∈ H˙
1
2√
∆
,
{
(I−H)
[
iσ|Dα′ |3, 1
Z ,α′
]
Zt,α′
}
a
∈ H˙
1
2√
∆
and we also
have
{
|Z,α′ |
[
iσ|Dα′ |3, 1
Z,α′
]
Zt,α′
}
a
∈ L2√
∆
,
{
|Z,α′ |
[
iσ|Dα′ |3, 1
Z ,α′
]
Zt,α′
}
a
∈ L2√
∆
(57) ∆(R1) ∈ C√∆
(58) ∆(J1) ∈ L∞√∆ ∩ H˙
1
2√
∆
(59) ∆(|Dα′ |J1) ∈ L2√∆ and hence ∆(J1) ∈ W√∆
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(60) ∆(R2) ∈ L2√∆
(61) ∆(J2) ∈ L2√∆
(62)
(
σ
[
1
Z,α′
,H
]
|Dα′ |3Zt,α′
)
a
∈ H˙
1
2√
∆
,
(
σ
[
1
Z ,α′
,H
]
|Dα′ |3Zt,α′
)
a
∈ H˙
1
2√
∆
(63) ∆
{
(I−H)D2tDα′Zt
} ∈ H˙ 12√
∆
(64)
(
σ(I−H)|Dα′ |3Dα′Zt
)
a
∈ H˙ 12√
∆
(65) ∆
(
1
|Z,α′ |2
∂α′J1
)
∈ H˙
1
2√
∆
and hence ∆
(
1
|Z,α′ |2
∂α′J1
)
∈ C√∆
7.2. Closing the energy estimate for E∆
We now complete the proof of Theorem 7.1. To simplify the calculations, we will continue to use
the notation used in §7.1 and introduce another notation: If a(t), b(t) are functions of time we write
a ≈ b if there exists a constant C(L1) depending only on L1 (where L1 was defined in Theorem 7.1)
with |a(t)− b(t)| ≤ C(L1)E∆(t). Observe that ≈ is an equivalence relation. With this notation,
proving Theorem 7.1 is equivalent to showing dE∆(t)dt ≈ 0.
First observe that by replacing λ by σ we get from Theorem 6.1
d
dt
(σ(Eaux)b(t)) ≤ P ((Ehigh)b(t))(σ(Eaux)b(t))
Now from the assumptions of Theorem 6.1, we have that supt∈[0,T ](Ehigh)b(t) ≤ L1 and so we get
d
dt
(σ(Eaux)b(t)) ≤ C(L1)E∆(t)
So we now need to control the other components of E∆.
7.2.1. Controlling E∆,0
We recall that
E∆,0 =
∥∥∥∥(σ 12 |Z,α′ | 12 ∂α′ 1Z,α′
)
a
∥∥∥∥2
∞
+
∥∥∥∥(σ 16 |Z,α′ | 12 ∂α′ 1Z,α′
)
a
∥∥∥∥6
2
+
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
1
2
∂2α′
1
Z,α′
)
a
∥∥∥∥∥
2
2
+ ‖∆(ω)‖2∞ +
∥∥∥∥∆(∂α′ 1Z,α′
)∥∥∥∥2
2
+
∥∥h˜α′ − 1∥∥2L∞∩H˙ 12 + ∥∥∥|Dα′ |a(h˜α′ − 1)∥∥∥22
+
∥∥∥∥|Z,α′ |aU˜( 1|Z,α′ |b
)
− 1
∥∥∥∥2
∞
The control of the time derivatives of the first three quantities is the same as the one done in Sec
5.2.1 in [1] while controlling the time derivative of Eσ,0 there. Now we control the other quantities.
(1) We observe from (17) that
(Dt)a∆(ω) = ∆(Dtω) = −∆
(
iωIm(Dα′Zt)
) ∈ L∞√
∆
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Now using the computation from Sec 5.2.1 in [1] we obtain
d
dt
‖∆(ω)‖2∞ . ‖∆ω‖∞‖(Dt)a∆(ω)‖∞ ≤ C(L1)E∆
(2) By using Lemma 4.4 we obtain
d
dt
∥∥∥∥∆(∂α′ 1Z,α′
)∥∥∥∥2
2
. ‖(bα′)a‖∞
∥∥∥∥∆(∂α′ 1Z,α′
)∥∥∥∥2
2
+
∥∥∥∥∆(∂α′ 1Z,α′
)∥∥∥∥
2
∥∥∥∥(Dt)a∆(∂α′ 1Z,α′
)∥∥∥∥
2
≤ C(L1)E∆
(3) By the calculation of Lemma 7.4 we have
(Dt)ah˜α′ = h˜α′(U˜(bα′)b − (bα′)a) = −h˜α′∆(bα′)
As ∆(bα′) ∈ L∞√∆ ∩ H˙
1
2√
∆
we have that (Dt)ah˜α′ ∈ L∞√∆ ∩ H˙
1
2√
∆
. Hence by Lemma 4.4 and by
using the computation from Sec 5.2.1 in [1] we have
d
dt
∥∥h˜α′ − 1∥∥2L∞∩H˙ 12 ≤ C(L1)∥∥h˜α′ − 1∥∥L∞∩H˙ 12 ∥∥(Dt)ah˜α′∥∥L∞∩H˙ 12 ≤ C(L1)E∆
(4) By the calculation of Lemma 7.4 we have
(Dt)a|Dα′ |ah˜α′ = −Re(Dα′Zt)a|Dα′ |ah˜α′ + (|Dα′ |ah˜α′)(U˜(bα′)b − (bα′)a)
+ h˜α′
{
h˜α′
(
1
|Z,α′ |a
U˜(|Z,α′ |)b
)
U˜(|Dα′ |bα′)b − (|Dα′ |bα′)a
}
Now as |Dα′ |ah˜α′ ∈ L2√∆, h˜α′ − 1 ∈ L∞√∆,
1
|Z,α′ |a
U˜(|Z,α′ |)b − 1 ∈ L∞√∆ and ∆(|Dα′ |bα′) ∈ L2√∆
we see that (Dt)a|Dα′ |ah˜α′ ∈ L2√∆. Hence by Lemma 4.4
d
dt
∥∥∥|Dα′ |a(h˜α′ − 1)∥∥∥2
2
≤ C(L1)
∥∥∥|Dα′ |a(h˜α′ − 1)∥∥∥
2
∥∥∥(Dt)a|Dα′ |ah˜α′∥∥∥
2
≤ C(L1)E∆
(5) By the calculation of Lemma 7.4 we have
(Dt)a
{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}
=
{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}
Re
{
(Dα′Zt)a − U˜(Dα′Zt)b − (bα′)a + U˜(bα′)b
}
Now as ∆(Dα′Zt) ∈ L∞√∆ and ∆(bα′) ∈ L∞√∆ we see that (Dt)a
{
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
}
∈ L∞√
∆
.
Hence by using the computation from Sec 5.2.1 in [1] we have
d
dt
∥∥∥∥|Z,α′ |aU˜( 1|Z,α′ |b
)
− 1
∥∥∥∥2
∞
≤ C(L1)
∥∥∥∥|Z,α′ |aU˜( 1|Z,α′ |b
)
− 1
∥∥∥∥
∞
∥∥∥∥(Dt)a{|Z,α′ |aU˜( 1|Z,α′ |
)
b
}∥∥∥∥
∞
≤ C(L1)E∆
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7.2.2. Controlling E∆,1
Recall that
E∆,1 =
∥∥∆{(Ztt − i)Z,α′}∥∥2H˙ 12 + ∥∥∥(√A1)a∆(Zt,α′)∥∥∥22 +
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
)
a
∥∥∥∥∥
2
2
We will first simplify the time derivative of each of the individual terms before combining them.
(1) By using Lemma 4.4 we get
d
dt
∫ ∣∣∣|∂α′ | 12∆{(Ztt − i)Z,α′}∣∣∣2dα′
≈ 2Re
∫ {|∂α′ |∆((Ztt + i)Z ,α′)}(Dt)a∆((Ztt − i)Z,α′)dα′
Now (Dt)a∆
(
(Ztt − i)Z,α′
)
= ∆
(
Dt(Ztt − i)Z,α′
)
and we have
Dt
(
(Ztt − i)Z,α′
)
= ZtttZ,α′ + (Dα′Zt − bα′)(Ztt − i)Z,α′
= ZtttZ,α′ + (Dα′Zt − bα′)(−iA1 + σ∂α′Θ)
Now by following the argument in Sec 5.2.2 of [1] we see that ∆{(Dα′Zt − bα′)(−iA1 + σ∂α′Θ)} ∈
H˙
1
2√
∆
. Hence we have
d
dt
∫ ∣∣∣|∂α′ | 12∆{(Ztt − i)Z,α′}∣∣∣2dα′ ≈ 2Re∫ {|∂α′ |∆((Ztt + i)Z,α′)}∆(ZtttZ,α′)dα′
(2) We see from Lemma 4.4 that
d
dt
∫
(A1)a
∣∣∆(Zt,α′)∣∣2dα′
=
∫
(bα′A1 +DtA1)a
∣∣∆(Zt,α′)∣∣2 dα′ + 2Re ∫ (A1)a∆(Zt,α′)∆(−bα′Zt,α′ + Ztt,α′) dα′
≤ C(L1)E∆
(3) By following the proof of time derivative of Eσ,1 in Sec 5.2.2 in [1] we get
σ
d
dt
∫ ∣∣∣∣
(
1
|Z,α′ |
1
2
∂α′Zt,α′
)
a
∣∣∣∣2dα′
≈ 2Re
∫ {
−iσ∂α′
(
1
Z ,α′
|Dα′ |Zt,α′
)}
a
|∂α′ |
(
(Ztt + i)Z,α′
)
a
dα′
= 2Re
∫ {
−iσ∂α′
(
1
Z ,α′
|Dα′ |Zt,α′
)}
a
|∂α′ |∆
(
(Ztt + i)Z,α′
)
dα′
+ 2Re
∫ {
−iσ∂α′
(
1
Z ,α′
|Dα′ |Zt,α′
)}
a
|∂α′ |U˜
(
(Ztt + i)Z ,α′
)
b
dα′
We now show that the second term is controlled. Observe that ((Ztt+i)Z,α′)b = i(A1)b and that(
σ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
)
a
∈ L2√
∆
. Hence we only need to show that
σ
1
2
|Z,α′ |
3
2
a
∂α′ |∂α′ |U˜(A1)b ∈ L2√∆.
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Now
σ
1
2
|Z,α′ |
3
2
a
∂α′ |∂α′ |U˜(A1)b = i
[
σ
1
2
|Z,α′ |
3
2
a
,H
]
∂2α′ U˜(A1)b + iH
{
σ
1
2
|Z,α′ |
3
2
a
∂2α′ U˜(A1)b
}
The first term is easily shown to be in L2√
∆
as from Proposition 9.5 we have∥∥∥∥∥
[
σ
1
2
|Z,α′ |
3
2
a
,H
]
∂2α′ U˜(A1)b
∥∥∥∥∥
2
.
∥∥∥∥∥σ 12 ∂2α′ 1|Z,α′ | 32a
∥∥∥∥∥
2
∥∥∥U˜(A1)b∥∥∥∞
Hence it is enough to show that
σ
1
2
|Z,α′ |
3
2
a
∂2α′ U˜(A1)b ∈ L2√∆. We see that
σ
1
2
|Z,α′ |
3
2
a
∂2α′ U˜(A1)b =
σ
1
2
|Z,α′ |
3
2
a
∂α′
(
h˜α′ U˜(∂α′A1)b
)
and hence we have the estimate∥∥∥∥∥ σ
1
2
|Z,α′ |
3
2
a
∂2α′ U˜(A1)b
∥∥∥∥∥
2
≤ C(L1)
∥∥|Dα′ |ah˜α′∥∥2
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
1
2
∂α′A1
)
b
∥∥∥∥∥
∞
+ C(L1)
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
3
2
∂2α′A1
)
b
∥∥∥∥∥
2
Now
(
σ
1
2
|Z,α′ |
1
2
∂α′A1
)
b
∈ L2√
∆
and
(
σ
1
2
|Z,α′ |
3
2
∂2α′A1
)
b
∈ L2√
∆
as they are controlled by σ(Eaux)b.
Hence we have shown
σ
d
dt
∫ ∣∣∣∣
(
1
|Z,α′ |
1
2
∂α′Zt,α′
)
a
∣∣∣∣2dα′
≈ 2Re
∫ {
−iσ∂α′
(
1
Z ,α′
|Dα′ |Zt,α′
)
a
}
|∂α′ |∆
(
(Ztt + i)Z ,α′
)
dα′
(4) Now combining the terms we have
d
dt
E∆,1 ≈ 2Re
∫ {
∆
(
ZtttZ,α′
)− iσ∂α′( 1
Z ,α′
|Dα′ |Zt,α′
)
a
}
|∂α′ |∆
(
(Ztt + i)Z,α′
)
dα′
Recall from (32) that
ZtttZ,α′ + iA1Dα′Zt − iσ∂α′
(
1
Z ,α′
|Dα′ |Zt,α′
)
= iσ∂α′
{(
|Dα′ | 1
Z ,α′
)
Zt,α′
}
− σ(Dα′Zt)∂α′Θ− σ∂α′
{
(ReΘ)Dα′Zt
}− iJ1
Now we just apply ∆ to the above equation and control the quantities. We see that ∆(J1) ∈
H˙
1
2√
∆
, ∆(A1Dα′Zt) ∈ L∞√∆ ∩ H˙
1
2√
∆
and the other terms with σ are controlled as in the proof of
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the time derivative of Eσ,1 in Sec 5.2.2 in [1]. Hence
∆
(
ZtttZ,α′
)− iσ∂α′( 1
Z ,α′
|Dα′ |Zt,α′
)
a
∈ H˙
1
2√
∆
and hence we have shown that
d
dt
E∆,1 ≤ C(L1)E∆.
7.2.3. Controlling E∆,2 and E∆,3
Note that both E∆,2 and E∆,3 are of the form
E∆,i = ‖∆(Dtf)‖22 +
∥∥∥∥( √A1|Z,α′ |
)
a
∆(f)
∥∥∥∥2
H˙
1
2
+
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
3
2
∂α′f
)
a
∥∥∥∥∥
2
H˙
1
2
Where f = Zt,α′ for i = 2 and f = Θ for i = 3. Also note that PHf = f for these choices of f . We
will simplify the time derivative of each of the terms individually before combining them.
(1) From Lemma 4.4 we have
d
dt
∫
|∆(Dtf)|2 dα′ ≈ 2Re
∫
(∆(D2t f))∆(Dtf¯) dα
′
(2) By following the proof of time derivative of Eσ,2, Eσ,3 in Sec 5.2.3 in [1] we have
d
dt
∫ ∣∣∣∣|∂α′ | 12{( √A1|Z,α′ |
)
a
∆(f)
}∣∣∣∣2dα′
≈ 2Re
∫ {( √
A1
|Z,α′ |
)
a
|∂α′ |
(( √
A1
|Z,α′ |
)
a
∆(f)
)}
∆(Dtf¯) dα
′
Now using Proposition 9.5 and Lemma 7.5 we see that( √
A1
|Z,α′ |
)
a
|∂α′ |
(( √
A1
|Z,α′ |
)
a
∆(f)
)
≈L2√
∆
iH
{( √
A1
|Z,α′ |
)
a
∂α′
(( √
A1
|Z,α′ |
)
a
∆(f)
)}
≈L2√
∆
iH
{(
A1
|Z,α′ |2
)
a
∂α′∆(f)
}
Now using Lemma 7.6 we have
iH
{(
A1
|Z,α′ |2
)
a
∂α′∆(f)
}
≈L2√
∆
iH
{
∆
(
A1
|Z,α′ |2
∂α′f
)}
≈L2√
∆
iH
{
A1
|Z,α′ |2
∂α′f
}
a
− iHU˜
{
A1
|Z,α′ |2
∂α′f
}
b
Now as
{
A1
|Z,α′ |2
∂α′f
}
b
∈ L2 we can replace H in the second term with H. Hence we have
( √
A1
|Z,α′ |
)
a
|∂α′ |
(( √
A1
|Z,α′ |
)
a
∆(f)
)
≈L2√
∆
∆
{
iH
(
A1
|Z,α′ |2
∂α′f
)}
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We can simplify the above term by using Hf = f . We see that
iH
(
A1
|Z,α′ |2
∂α′f
)
= −i
[
A1
|Z,α′ |2
,H
]
∂α′f + i
A1
|Z,α′ |2
∂α′f
Now apply ∆ to the above equation. We can easily control the first term in L2√
∆
by using
Proposition 9.5, Proposition 10.4 and Lemma 7.5 and hence we have
( √
A1
|Z,α′ |
)
a
|∂α′ |
(( √
A1
|Z,α′ |
)
a
∆(f)
)
≈L2√
∆
∆
(
i
A1
|Z,α′ |2
∂α′f
)
Finally using this we obtain
d
dt
∫ ∣∣∣∣|∂α′ | 12{( √A1|Z,α′ |
)
a
∆(f)
}∣∣∣∣2dα′ ≈ 2Re∫ ∆
(
i
A1
|Z,α′ |2
∂α′f
)
∆(Dtf¯) dα
′
(3) By using the argument in controlling the time derivative of Eσ,2, Eσ,3 in Sec 5.2.3 in [1] we have
d
dt
σ
∫ ∣∣∣∣|∂α′ | 12
(
1
|Z,α′ |
3
2
∂α′f
)
a
∣∣∣∣2dα′
≈ −2σRe
∫
∂α′
{
1
|Z,α′ |
3
2
|∂α′ |
(
1
|Z,α′ |
3
2
∂α′f
)}
a
(Dtf¯)a dα
′
≈ −2σRe
∫
∂α′
{
1
|Z,α′ |
3
2
|∂α′ |
(
1
|Z,α′ |
3
2
∂α′f
)}
a
∆(Dtf¯) dα
′
− 2σRe
∫
∂α′
{
1
|Z,α′ |
3
2
|∂α′ |
(
1
|Z,α′ |
3
2
∂α′f
)}
a
U˜(Dtf¯)b dα
′
We now show that the second term is controlled. We see that
− 2σRe
∫
∂α′
{
1
|Z,α′ |
3
2
|∂α′ |
(
1
|Z,α′ |
3
2
∂α′f
)}
a
U˜(Dtf¯)b dα
′
= 2σRe
∫
|∂α′ |
(
1
|Z,α′ |
3
2
∂α′f
)
a
(
1
|Z,α′ |
3
2
a
∂α′U˜(Dtf¯)b
)
dα′
Now we know that
(
σ
1
2
|Z,α′ |
3
2
∂α′DtΘ
)
b
∈ C√∆ and
(
σ
1
2
|Z,α′ |
3
2
∂α′DtZt,α′
)
b
∈ C√∆ as they are
both controlled by σ(Eaux)b. Hence we also have that
σ
1
2
|Z,α′ |
3
2
a
∂α′ U˜(DtZt,α′)b ∈ C√∆ and
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σ
1
2
|Z,α′ |
3
2
a
∂α′ U˜(DtΘ)b ∈ C√∆ by using Lemma 7.6. Therefore we now have
d
dt
σ
∫ ∣∣∣∣|∂α′ | 12
(
1
|Z,α′ |
3
2
∂α′f
)
a
∣∣∣∣2dα′
≈ −2σRe
∫
∂α′
{
1
|Z,α′ |
3
2
|∂α′ |
(
1
|Z,α′ |
3
2
∂α′f
)}
a
∆(Dtf¯) dα
′
Now from the proof from Sec 5.2.3 in [1] we obtain
σ∂α′
{
1
|Z,α′ |
3
2
|∂α′ |
(
1
|Z,α′ |
3
2
∂α′f
)}
a
≈L2√
∆
(
iσ|Dα′ |3f
)
a
So we finally have
d
dt
σ
∫ ∣∣∣∣|∂α′ | 12
(
1
|Z,α′ |
3
2
∂α′f
)
a
∣∣∣∣2dα′ ≈ −2Re∫ (iσ|Dα′ |3f)a∆(Dtf¯) dα′
(4) Now combining all three terms we have for i = 2, 3
d
dt
E∆,i ≈ 2Re
∫ {
∆(D2t f) + ∆
(
i
A1
|Z,α′ |2
∂α′f
)
− iσ(|Dα′ |3f)a
}
∆(Dtf¯) dα
′
For f = Zt,α′ we obtain from (35)(
D2t + i
A1
|Z,α′ |2
∂α′ − iσ|Dα′ |3
)
Zt,α′
= R1Z ,α′ − i
(
∂α′
1
Z,α′
)
J1 − iDα′J1 − Z ,α′
[
D2t + i
A1
|Z,α′ |2
∂α′ − iσ|Dα′ |3, 1
Z,α′
]
Zt,α′
Hence applying ∆ on both sides, we easily see that the terms on the right hand side are in L2√
∆
.
Similarly for f = Θ we have from (36)(
D2t + i
A1
|Z,α′ |2
∂α′ − iσ|Dα′ |3
)
Θ = R2 + iJ2
In this case also we apply ∆ on both sides and see that the terms on the right are controlled.
Hence we have shown that for i = 2, 3 we have
d
dt
E∆,i ≤ C(L1)E∆
7.2.4. Controlling E∆,4
Recall that
E∆,4 =
∥∥∆(DtDα′Zt)∥∥2H˙ 12 + ∥∥∥(√A1)a|Dα′ |a∆(Dα′Zt)∥∥∥22 +
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
)
a
∥∥∥∥∥
2
2
We again simplify the terms individually before combining them.
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(1) By Lemma 4.4 we have
d
dt
∫ ∣∣∣|∂α′ | 12∆(DtDα′Zt)∣∣∣2dα′ ≈ 2Re ∫ ∆(D2tDα′Zt)|∂α′ |∆(DtDα′Zt) dα′
Now as ∆((I−H)D2tDα′Zt) ∈ H˙
1
2√
∆
we see that
∆(D2tDα′Zt) ≈
H˙
1
2√
∆
∆(HD2tDα′Zt) ≈
H˙
1
2√
∆
H(D2tDα′Zt)a −HU˜(D2tDα′Zt)b
But we know that (D2tDα′Zt)b ∈ H˙
1
2 as it is controlled by (Ehigh)b. Hence we now have
(H −H)U˜(D2tDα′Zt)b ∈ H˙
1
2√
∆
. From this we get
∆(D2tDα′Zt) ≈
H˙
1
2√
∆
H∆(D2tDα′Zt)
Now we use the fact that |∂α′ | = iH∂α′ to obtain
d
dt
∫ ∣∣∣|∂α′ | 12∆(DtDα′Zt)∣∣∣2dα′ ≈ 2Re ∫ ∆(D2tDα′Zt){−i∂α′∆(DtDα′Zt)} dα′
(2) By following the proof of control of the time derivative of Eσ,4 from Sec 5.2.4 in [1] we see that
d
dt
∫
(A1)a
∣∣|Dα′ |a∆(Dα′Zt)∣∣2dα′
≈ 2Re
∫ (
i
(
A1
|Z,α′ |2
)
a
∂α′∆(Dα′Zt)
)
{−i∂α′∆(DtDα′Zt)} dα′
Now we know that
(
1
|Z,α′ |2
∂α′Dα′Zt
)
b
∈ C as it is controlled by (Ehigh)b. Hence as (A1)b ∈ W ,
we have
(
A1
|Z,α′ |2
∂α′Dα′Zt
)
b
∈ C. Hence we see that
i
(
A1
|Z,α′ |2
)
a
∂α′∆(Dα′Zt) ≈
H˙
1
2√
∆
∆
(
i
A1
|Z,α′ |2
∂α′Dα′Zt
)
From this we get
d
dt
∫
(A1)a
∣∣|Dα′ |a∆(Dα′Zt)∣∣2dα′ ≈ 2Re ∫ ∆(i A1|Z,α′ |2 ∂α′Dα′Zt
)
{−i∂α′∆(DtDα′Zt)} dα′
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(3) By following the proof of control of the time derivative of Eσ,4 from Sec 5.2.4 in [1] we see that
σ
d
dt
∫ ∣∣∣∣
(
1
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
)
a
∣∣∣∣2dα′
≈ 2σRe
∫ {
1
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
}
a
{
1
|Z,α′ |
1
2
∂α′ |Dα′ |DtDα′Zt
}
a
≈ 2σRe
∫ {
1
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
}
a
{
1
|Z,α′ |
1
2
a
∂α′ |Dα′ |a∆(DtDα′Zt)
}
+ 2σRe
∫ {
1
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
}
a
{
1
|Z,α′ |
1
2
a
∂α′ |Dα′ |aU˜(DtDα′Zt)b
}
We now show that the second term is controlled. We first observe that
σ
1
2
|Z,α′ |
1
2
a
∂α′ |Dα′ |aU˜(DtDα′Zt)b
=
σ
1
2
|Z,α′ |
1
2
a
∂α′
(
h˜α′
|Z,α′ |a
U˜(|Z,α′ |)bU˜(|Dα′ |DtDα′Zt)b
)
= |Z,α′ |
1
2
a U˜
(
1
|Z,α′ |
1
2
)
b
|Dα′ |a
(
h˜α′
|Z,α′ |a
U˜(|Z,α′ |)b
)
U˜
(
σ
1
2
|Z,α′ |
1
2
∂α′DtDα′Zt
)
b
+
h˜α′
|Z,α′ |a
U˜(|Z,α′ |)b
(
σ
1
2
|Z,α′ |
1
2
a
∂α′U˜(|Dα′ |DtDα′Zt)b
)
Now we know that
(
σ
1
2
|Z,α′ |
1
2
∂α′DtDα′Zt
)
b
∈ L∞√
∆
and
(
σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |DtDα′Zt
)
b
∈ L2√
∆
as
they are controlled by σ(Eaux)b. We also know that h˜α′ ∈ W , 1|Z,α′ |a
U˜(|Z,α′ |)b ∈ W and hence
the above terms are controlled. Hence we have
σ
d
dt
∫ ∣∣∣∣
(
1
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
)
a
∣∣∣∣2dα′
≈ 2σRe
∫ {
1
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
}
a
{
1
|Z,α′ |
1
2
a
∂α′ |Dα′ |a∆(DtDα′Zt)
}
≈ 2Re
∫ {
−iσ|Dα′ |3Dα′Zt
}
a
{−i∂α′∆(DtDα′Zt)} dα′
(4) Combining the three terms we obtain
d
dt
E∆,4 ≈ 2Re
∫
{−i∂α′∆(DtDα′Zt)}
{
∆(D2tDα′Zt) + ∆
(
i
A1
|Z,α′ |2
∂α′Dα′Zt
)
− iσ(|Dα′ |3Dα′Zt)a
}
dα′
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From equation (33) we see that(
D2t + i
A1
|Z,α′ |2
∂α′ − iσ|Dα′ |3
)
Dα′Zt = R1 − i
(
Dα′
1
Z,α′
)
J1 − i 1|Z,α′ |2
∂α′J1
Now we apply ∆ to the above equation and see that the terms on the right hand side terms are
controlled in H˙
1
2√
∆
. Hence we have
d
dt
E∆,4 ≤ C(L1)E∆
This concludes the proof of Theorem 7.1.
7.3. Equivalence of E∆ and E∆
We now give a simpler description of the energy E∆. Define
E∆,0 = ‖∆(ω)‖2∞ +
∥∥h˜α′ − 1∥∥2L∞∩H˙ 12 + ∥∥∥|Dα′ |a(h˜α′ − 1)∥∥∥22 +
∥∥∥∥|Z,α′ |aU˜( 1|Z,α′ |b
)
− 1
∥∥∥∥2
∞
E∆,1 =
∥∥∥∥∆(∂α′ 1Z,α′
)∥∥∥∥2
2
+
∥∥∥∥∆( 1Z,α′ ∂α′ 1Z,α′
)∥∥∥∥2
H˙
1
2
+
∥∥∥∥∥
(
σ
1
6Z
1
2
,α′∂α′
1
Z,α′
)
a
∥∥∥∥∥
6
2
+
∥∥∥∥∥
(
σ
1
2Z
1
2
,α′∂α′
1
Z,α′
)
a
∥∥∥∥∥
2
∞
+
∥∥∥∥∥
(
σ
1
2
Z
1
2
,α′
∂2α′
1
Z,α′
)
a
∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
3
2
,α′
∂2α′
1
Z,α′
)
a
∥∥∥∥∥
2
H˙
1
2
+ ‖(σ∂α′Θ)a‖2H˙ 12 +
∥∥∥∥( σZ,α′ ∂3α′ 1Z,α′
)
a
∥∥∥∥2
2
+
∥∥∥∥∥
(
σ
Z2,α′
∂3α′
1
Z,α′
)
a
∥∥∥∥∥
2
H˙
1
2
E∆,2 =
∥∥∆(Zt,α′)∥∥22 +
∥∥∥∥∥∆
(
1
Z2,α′
∂α′Zt,α′
)∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
1
2
,α′
∂α′Zt,α′
)
a
∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
5
2
,α′
∂2α′Zt,α′
)
a
∥∥∥∥∥
2
2
E∆ = σ(Eaux)b + E∆,0 + E∆,1 + E∆,2
(54)
Note that if the two solutions have the same initial data, then E∆,0(0) = 0 and hence we obtain
the representation of the energy as stated in §3.1.
Proposition 7.7. Let T > 0 and let (Z,Zt)a(t), (Z,Zt)b(t) be two smooth solutions in [0, T ] to
(8) with surface tension σ and zero surface tension respectively, such that for all s ≥ 2 we have
(Z,α′ − 1, 1Z,α′ − 1, Zt)i ∈ L
∞([0, T ], Hs(R) × Hs(R) × Hs+ 12 (R)) for both i = a, b. Let L1 > 0 be
such that
sup
t∈[0,T ]
(Ehigh)b(t), sup
t∈[0,T ]
(Eσ)a(t),
∥∥∥∥|Z,α′ |aU˜( 1|Z,α′ |b
)∥∥∥∥
∞
(0),
∥∥∥∥ 1|Z,α′ |a U˜(|Z,α′ |b)
∥∥∥∥
∞
(0) ≤ L1
Then there exists constants C1(L1), C2(L1) > 0 depending only on L1 so that for all t ∈ [0, T ] we
have
E∆ ≤ C1(L1)E∆ and E∆ ≤ C2(L1)E∆
Proof. Let us first show E∆ ≤ C2(L1)E∆. From Proposition 6.4 we see that σ(Eaux)b is controlled
by σ(Eaux)b. Also observe that the energy E∆ directly controls E∆,0 and most of the terms of E∆,1
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and E∆,2. The terms which are not directly controlled are
(
σ
1
2
Z
3
2
,α′
∂2α′
1
Z,α′
)
a
and
(
σ
Z2,α′
∂3α′
1
Z,α′
)
a
both in H˙
1
2√
∆
. To control these, we use Lemma 7.5 to see that∥∥∥∥∥
(
σ
1
2
Z
3
2
,α′
∂2α′
1
Z,α′
)
a
∥∥∥∥∥
H˙
1
2
. ‖ω‖
3
2
W
∥∥∥∥∥
(
σ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
)
a
∥∥∥∥∥
C√
∆
≤ C2(L1)E
1
2
∆
Similarly we have∥∥∥∥∥
(
σ
Z2,α′
∂3α′
1
Z,α′
)
a
∥∥∥∥∥
H˙
1
2
. ‖ω‖2W
∥∥∥∥∥
(
σ
|Z,α′ |2
∂3α′
1
Z,α′
)
a
∥∥∥∥∥
C√
∆
≤ C2(L1)E
1
2
∆
This proves that E∆ ≤ C2(L1)E∆.
Let us first show E∆ ≤ C1(L1)E∆. We again observe from Proposition 6.4 that σ(Eaux)b is
controlled by σ(Eaux)b. It is also clear that E∆ controls E∆,0. Hence we now need to control
E∆,1, E∆,2, E∆,3 and E∆,4. As the proof of this is a little more involved, to simplify the presentation
we will continue to use the same notation as in §7.1 except for a few minor modifications. In
the definitions, instead of using the energy E∆ we will use the energy E∆. So now whenever we
write f ∈ L2∆α , what we mean is that there exists a constant C1(L1) depending only on L1 such
that ‖f‖2 ≤ C1(L1)(E∆)α. Similar modifications for f ∈ L1∆α , f ∈ H˙
1
2
∆α and f ∈ L∞∆α . The
definitions of the spaces C∆α and W∆α remain the same except for the fact that we have now
changed the underlying definition of the spaces L2∆α , H˙
1
2
∆α and L
∞
∆α . We say that f ∈ L2 if f ∈ L2∆α
for α = 0. Similar definitions for f ∈ H˙ 12 , f ∈ L∞, f ∈ C and f ∈ W . The definitions of
≈L2
∆α
,≈L1
∆α
,≈L∞
∆α
,≈
H˙
1
2
∆α
,≈W∆α and ≈C∆α remain the same except the changes to the underlying
spaces. Observe that there is no change to Lemma 7.5.
We now make the important observation that Lemma 7.6 still remains true with the new defini-
tons. This is because in the proof of Lemma 7.6, the only properties of E∆ used were the
control of (h˜α′ − 1) ∈ L∞√∆ ∩ H˙
1
2√
∆
∩ W√∆, ∆w ∈ L∞√∆, ∆
(
∂α′
1
Z,α′
)
∈ L2√
∆
and the term
|Z,α′ |aU˜
(
1
|Z,α′ |
)
b
− 1 ∈ L∞√
∆
. All of the these quantities are also controlled by E∆ and hence
the lemma still holds. Let us now control E∆,i for 1 ≤ i ≤ 4.
(1) Controlling E∆,1: From E∆,2 we have ∆(Zt,α′) ∈ L2√∆. Hence we have (
√
A1)a∆(Zt,α′) ∈ L2√∆.
Hence now via §7.1 we have ∆(A1) ∈ L∞√∆∩ H˙
1
2√
∆
. Now we know from (10) that (Ztt− i)Z,α′ =
−iA1 + σ∂α′Θ and hence
∆
{
(Ztt − i)Z,α′
}
= −i∆(A1) + (σ∂α′Θ)a
As (σ∂α′Θ)a ∈ H˙
1
2√
∆
we see that ∆
{
(Ztt − i)Z,α′
} ∈ H˙ 12√
∆
. From E∆ we also clearly see that(
σ
1
2
|Z,α′ |
1
2
∂α′Zt,α′
)
a
∈ L2√
∆
and hence E∆,1 is controlled.
(2) Controlling E∆,2: We prove this step by step.
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(a) As E∆ controls ∆
(
∂α′
1
Z,α′
)
∈ L2√
∆
, from §7.1 we easily obtain control of ∆
(
∂α′
1
|Z,α′ |
)
∈
L2√
∆
,∆(|Dα′ |ω) ∈ L2√∆ and ∆(ω) ∈ W√∆.
(b) As E∆ controls ∆
(
1
Z2,α′
∂α′Zt,α′
)
∈ L2√
∆
, by using Lemma 7.6 repeatedly we also have
1
(Z,α′)2a
∂α′∆(Zt,α′) ∈ L2√∆. Hence we see that
∂α′
(
1
(Z,α′)a
∆(Zt,α′)
)2
= 2
(
1
(Z,α′)a
∆(Zt,α′)
)
∂α′
(
1
(Z,α′)a
∆(Zt,α′)
)
= 2
(
1
(Z,α′)a
∆(Zt,α′)
)(
∂α′
1
Z,α′
)
a
∆(Zt,α′)
+ 2∆(Zt,α′)
(
1
(Z,α′)2a
∂α′∆(Zt,α′)
)
From this we obtain∥∥∥∥ 1(Z,α′)a∆(Zt,α′)
∥∥∥∥2
∞
≤ C1(L1)
∥∥∥∥ 1(Z,α′)a∆(Zt,α′)
∥∥∥∥
∞
∥∥∆(Zt,α′)∥∥2
+ C1(L1)
∥∥∆(Zt,α′)∥∥2∥∥∥∥ 1(Z,α′)2a ∂α′∆(Zt,α′)
∥∥∥∥
2
Now using the inequality ab ≤ ǫa
2
2
+
b2
2ǫ
, we see that
1
(Z,α′)a
∆(Zt,α′) ∈ L∞√∆. Now by
using Lemma 7.6 we see that ∆(Dα′Zt) ∈ L∞√∆, ∆(|Dα′ |Zt) ∈ L∞√∆ and ∆(Dα′Zt) ∈ L∞√∆
(c) Observe that
∆
(
D2α′Zt
)
= ∆
{(
∂α′
1
Z,α′
)
Dα′Zt
}
+∆
(
1
Z2,α′
∂α′Zt,α′
)
Hence we have ∆
(
D2α′Zt
) ∈ L2√
∆
. Similarly we can also show ∆
(
|Dα′ |2Zt
)
∈ L2√
∆
and ∆
(
D2α′Zt
) ∈ L2√
∆
. Now using Lemma 7.6 we see that ∆
(|Dα′ |Dα′Zt) ∈ L2√∆ and
|Dα′ |a∆(Dα′Zt) ∈ L2√∆. This in particular implies (
√
A1)a|Dα′ |a∆(Dα′Zt) ∈ L2√∆ which
is part of E∆,4.
(d) Following the proof in §7.1 we see that ∆(Dα′Zt) ∈ W√∆∩C√∆, ∆(|Dα′ |Zt) ∈ W√∆∩C√∆
and ∆(Dα′Zt) ∈ W√∆ ∩ C√∆. Hence using Lemma 7.6 we have
1
|Z,α′ |a
∆(Zt,α′) ∈ C√∆.
As (
√
A1)a ∈ W we now obtain
( √
A1
|Z,α′ |
)
a
∆(Zt,α′) ∈ C√∆ and hence we have controlled
the second term of E∆,2.
(e) Following the proof in §7.1 we see that ∆(|Dα′ |A1) ∈ L2√∆ and hence we have ∆(A1) ∈
W√∆ and ∆(
√
A1) ∈ W√∆
(f) From §7.1 we see that ∆(bα′) ∈ L∞√∆ ∩ H˙
1
2√
∆
, ∆(|Dα′ |bα′) ∈ L2√∆ and ∆(bα′) ∈ W√∆
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(g) As (σ∂α′Θ)a ∈ H˙
1
2√
∆
and Θa ∈ L2, by interpolation we see that (σ 23 ∂α′Θ)a ∈ L2
∆
1
3
and
(σ
1
3Θ)a ∈ L∞
∆
1
6
∩ H˙
1
2
∆
1
6
(h) Following the proof in Sec 5.1 of [1] we see that
(
σ
2
3 ∂2α′
1
Z,α′
)
a
∈ L2
∆
1
3
,
(
σ
2
3 ∂2α′
1
|Z,α′ |
)
a
∈
L2
∆
1
3
and similarly
(
σ
2
3
|Z,α′ |∂
2
α′ω
)
a
∈ L2
∆
1
3
,
(
σ
2
3 ∂α′ |Dα′ |ω
)
a
∈ L2
∆
1
3
. In the same way we
have
(
σ
1
3 ∂α′
1
Z,α′
)
a
∈ L∞
∆
1
6
∩ H˙
1
2
∆
1
6
,
(
σ
1
3 ∂α′
1
|Z,α′ |
)
a
∈ L∞
∆
1
6
∩ H˙
1
2
∆
1
6
and also
(
σ
1
3 |Dα′ |ω
)
a
∈
L∞
∆
1
6
∩ H˙
1
2
∆
1
6
.
(i) Following the proof in Sec 5.1 of [1] we see that
(
σ
|Z,α′ |∂
2
α′Θ
)
a
∈ L2√
∆
and from this
we easily get (σ∂α′Dα′Θ)a ∈ L2√∆. Similarly we also get
(
σ
|Z,α′ |∂
3
α′
1
|Z,α′ |
)
a
∈ L2√
∆
and(
σ
|Z,α′ |2
∂3α′ω
)
a
∈ L2√
∆
.
(j) Following the proof in Sec 5.1 of [1] we see that we have
(
σ
1
2
|Z,α′ |
1
2
∂2α′
1
|Z,α′ |
)
a
∈ L2√
∆
,(
σ
1
2
|Z,α′ |
3
2
∂2α′ω
)
a
∈ L2√
∆
and
(
σ
1
2
|Z,α′ |
1
2
∂α′Θ
)
a
∈ L2√
∆
. Similarly we also obtain control
of
(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
Z,α′
)
a
∈ W√∆,
(
σ
1
2 |Z,α′ |
1
2 ∂α′
1
|Z,α′ |
)
a
∈ W√∆ and
(
σ
1
2
|Z,α′ |
1
2
∂α′ω
)
a
∈
W√∆
(k) We now recall from (10)
Ztt − i = −i A1
Z,α′
+ σDα′Θ
Taking derivatives on both sides and applying ∆ we get
∆(Ztt,α′) = −i∆
(
A1∂α′
1
Z,α′
)
− i∆(Dα′A1) + (σ∂α′Dα′Θ)a
Hence we see that ∆(Ztt,α′) ∈ L2√∆. As DtZt,α′ = −bα′Zt,α′ + Ztt,α′ and ∆(bα′) ∈ L∞√∆
we obtain ∆(DtZt,α′) ∈ L2√∆ which is the first term of E∆,2.
(l) By exactly following the proof of
σ
1
2
|Z,α′ |
5
2
∂2α′Zt,α′ ∈ L2 in Sec 5.1 of [1], we easily get that(
σ
1
2
|Z,α′ |
1
2
∂α′ |Dα′ |Dα′Zt
)
a
∈ L2√
∆
. Note that this is the last term of E∆,4.
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(m) Now we use can Proposition 9.8 with ω =
1
|Z,α′ |a
and f =
(
σ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
)
a
and we
obtain
(
σ
1
2
|Z,α′ |
3
2
∂α′Zt,α′
)
a
∈ L∞√
∆
∩ H˙
1
2√
∆
. Hence E∆,2 is controlled.
(3) Controlling E∆,3: We prove this step by step.
(a) By (26) we see that ∆(Θ) ∈ L2√
∆
. Similarly from (28) and (29) we obtain ∆(DtΘ) ∈ L2√∆.
Hence the first term of E∆,3 is controlled.
(b) As we have ∆
(
Dα′
1
Z,α′
)
∈ C√∆, using Lemma 7.6 and Lemma 7.5 we see that we have
∆
(
Dα′
1
Z,α′
)
∈ C√∆. Now following the proof of
1
|Z,α′ |2
∂α′A1 ∈ C in Sec 5.1 of [1], we
easily get ∆
(
1
|Z,α′ |2
∂α′A1
)
∈ C√∆.
(c) Following the proof of Dα′
1
Z,α′
∈ C in Sec 5.1 of [1], we see that ∆
(
Θ
|Z,α′ |
)
∈ C√∆. Hence
by Lemma 7.6 and Lemma 7.5 we see that
1
|Z,α′ |a
∆(Θ) ∈ C√∆ and
( √
A1
|Z,α′ |
)
a
∆(Θ) ∈ C√∆.
Hence the second term of E∆,3 is controlled.
(d) As
(
σ
1
2
Z
3
2
,α′
∂2α′
1
Z,α′
)
a
∈ C√∆, by using Lemma 7.6 we see that
(
σ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
)
a
∈ C√∆.
Now by following the proof of
σ
1
2
|Z,α′ |
3
2
∂2α′
1
Z,α′
∈ C in Sec 5.1 of [1], we easily obtain(
σ
1
2
|Z,α′ |
3
2
∂α′Θ
)
a
∈ C√∆,
(
σ
1
2
|Z,α′ |
3
2
∂2α′
1
|Z,α′ |
)
a
∈ C√∆ and
(
σ
1
2
|Z,α′ |
5
2
∂2α′ω
)
a
∈ C√∆. Hence
E∆,3 is controlled.
(4) Controlling E∆,4: Observe that we have already controlled the second and third term of E∆,4.
Now by following the proof of
σ
|Z,α′ |2
∂3α′
1
Z,α′
∈ C and σ|Z,α′ |2
∂2α′Θ ∈ C in Sec 5.1 of [1], we see
that (σDα′Dα′Θ)a ∈ C√∆. Hence by applying Dα′ in the formula (10) we obtain
∆(Dα′Ztt) = −i∆
(
A1Dα′
1
Z,α′
)
− i∆
(
1
|Z,α′ |2
A1
)
+ (σDα′Dα′Θ)a
Hence ∆(Dα′Ztt) ∈ C√∆. Now by applying ∆ to the equation DtDα′Zt = −(Dα′Zt)2+Dα′Ztt
we see that ∆(DtDα′Zt) ∈ H˙
1
2√
∆
which shows that E∆,4 is controlled. Hence proved.

8. Proof of Theorem 3.1 and Corollary 3.2
We now prove our main results stated in §3.1. We first prove a basic lemma.
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Lemma 8.1. Let (Z,Zt)(t) be a smooth solution to the water wave equation (8) for σ ≥ 0 in the time
interval [0, T ] for T > 0, satisfying (Z,α′−1, 1Z,α′ −1, Zt) ∈ L
∞([0, T ], Hs+
1
2 (R)×Hs+ 12 (R)×Hs(R))
for all s ≥ 3. Let
R0 =
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥
2
(0) + ‖Zt‖2(0) and M0 = ‖Z,α′‖∞(0) +
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥
2
(0) + ‖Zt‖2(0)
Then there exists a universal increasing function F : [0,∞)→ [0,∞) so that
(1) If σ > 0, then
sup
t∈[0,T ]
{
‖Z,α′ − 1‖H3.5 (t) +
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥
H3.5
(t) + ‖Zt‖H3(t)
}
≤ F
(
M0 + sup
t∈[0,T ]
Eσ(t) + T + σ + 1
σ
)
(2) If σ = 0, then
sup
t∈[0,T ]
{
‖Z,α′ − 1‖H3(t) +
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥
H3
(t) + ‖Zt‖H3.5 (t)
}
≤ F
(
M0 + sup
t∈[0,T ]
Ehigh(t) + sup
t∈[0,T ]
Eaux(t) + T + 1
)
(3) For σ ≥ 0 we define
S(t) =
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥
2
(t) +
∥∥∥∥ 1Z,α′
∥∥∥∥
L∞∩H˙ 12
(t) + ‖Zt‖2(t) + ‖Zt‖L∞∩H˙ 12 (t) + ‖A1 − 1‖2(t)
+ ‖b‖2(t) + ‖b‖L∞∩H˙ 12 (t) + ‖bα′‖2(t) + ‖Ztt‖2(t) + ‖Ztt‖L∞∩H˙ 12 (t)
Then we have the estimate
sup
t∈[0,T ]
S(t) ≤ F
(
R0 + sup
t∈[0,T ]
Eσ(t) + σ + T + 1
)
Proof. The first estimate was already proved in Lemma 6.2 of [1]. Let us now prove the second
estimate. Observe from the definition of Ehigh in (43), Proposition 5.2 and Proposition 4.5 that
Ehigh controls Eσ|σ=0. Hence from Lemma 6.2 of [1] we get
sup
t∈[0,T ]
{
‖Z,α′ − 1‖H1.5 (t) +
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥
H1.5
(t) + ‖Zt‖H2(t)
}
≤ F
(
M0 + sup
t∈[0,T ]
Ehigh(t) + T + 1
)
Hence we see that for each t ∈ [0, T ], we have Z,α′ ∈ L∞, |Dα′ |Z,α′ ∈ L2 and hence Z,α′ ∈ W . Now
using the energy Eaux(t) we see that∥∥∥∥∂3α′ 1Z,α′
∥∥∥∥
2
. ‖Z,α′‖
5
2∞
∥∥∥∥∥∥ 1Z 52,α′ ∂3α′
1
Z,α′
∥∥∥∥∥∥
2
WATER WAVES 87
and by Lemma 4.3
∥∥∂2α′Zt,α′∥∥C . ‖Z,α′‖ 72W
∥∥∥∥∥∥ 1Z 72,α′ ∂2α′Zt,α′
∥∥∥∥∥∥
C
We control Z,α′ − 1 ∈ H3 similarly. This proves the second estimate.
Let us now prove the third estimate. The proof follows in a similar fashion as the proof of Lemma
6.2 of [1]. To simplify the calculation we define
M = R0 + sup
t∈[0,T ]
Eσ(t) + σ + T + 1
and we write a . b if a ≤ C(M)b where C(M) is a constant which depends only on M . Hence we
need to prove that supt∈[0,T ] S(t) . 1. First observe that∥∥∥∥ 1Z,α′
∥∥∥∥
∞
(0) . 1 +
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥ 12
2
(0)
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥ 12
2
(0) . 1
Now the evolution equation (8) gives us
(∂t + b∂α′)Z,α′ = Zt,α′ − bα′Z,α′ = (Dα′Zt − bα′)Z,α′
Hence for all 0 ≤ t ≤ T we have the estimate∥∥∥∥ 1Z,α′
∥∥∥∥
∞
(t) ≤
∥∥∥∥ 1Z,α′
∥∥∥∥
∞
(0) exp
{∫ t
0
(‖Dα′Zt‖∞(s) + ‖bα′‖∞(s)) ds
}
. 1
Define
f(t) =
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥2
2
(t) + ‖Zt‖22(t) + 1
Observe that f(0) . 1. Now it was proved as part of the proof of Lemma 6.2 in [1] that
‖b‖2 + ‖b‖∞ + ‖bα′‖2 + ‖A1 − 1‖2 + ‖Ztt‖2 . f
1
2
and that ∂tf . f . Hence we have
sup
t∈[0,T ]
{∥∥∥∥ 1Z,α′ − 1
∥∥∥∥
2
(t) + ‖Zt‖2(t) + ‖b‖2(t) + ‖b‖∞(t) + ‖bα′‖2(t) + ‖A1 − 1‖2(t) + ‖Ztt‖2(t)
}
. 1
The other terms are easily controlled. Observe that∥∥∥∥ 1Z,α′
∥∥∥∥
H˙
1
2
.
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥ 12
2
∥∥∥∥∂α′ 1Z,α′
∥∥∥∥ 12
2
. 1
We also see that ‖Zt‖
L∞∩H˙ 12 . ‖Zt‖
1
2
2 ‖Zt,α′‖
1
2
2 . 1. Similarly we get ‖b‖L∞∩H˙ 12 . 1 and
‖Ztt‖
L∞∩H˙ 12 . 1. This finishes the proof of the lemma.

We can now prove our main theorem.
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Proof of Theorem 3.1. In the proof we will frequently denote a constant which depends only on L
by C(L). Let M0, N0 be defined as
M0 = ‖Z,α′‖∞(0) +
∥∥∥∥ 1Z,α′ − 1
∥∥∥∥
2
(0) + ‖Zt‖2(0) and N0 = Eaux(Z,Zt)(0)
Let ǫ ≥ 0 and consider the mollified initial data given by (Zǫ, Zǫt )(0) = (Pǫ ∗ Z, Pǫ ∗ Zt)(0) where
Pǫ is the Poisson kernel (3). Observe that there exists an 0 < ǫ0 ≤ 1 small enough so that for all
0 < ǫ ≤ ǫ0 we have
Ehigh(Zǫ, Zǫt )(0), Eσ(Zǫ, Zǫt )(0) ≤ 2L and E∆(Zǫ,σ, Zǫ)(0) ≤ 2E∆(Zσ, Z)(0)
and we also have∥∥Zǫ,α′∥∥∞(0) +
∥∥∥∥∥ 1Zǫ,α′ − 1
∥∥∥∥∥
2
(0) + ‖Zǫt‖2(0) ≤M0 and Eaux(Zǫ, Zǫt )(0) ≤ N0
Now let 0 ≤ ǫ ≤ ǫ0. As (Z,α′ − 1, 1Z,α′ − 1, Zt)(0) ∈ H
3.5(R)×H3.5(R)×H3(R), by Theorem 2.1
there exists a T1 > 0 depending only on L so that we have a unique solution (Z
ǫ,σ, Zǫ,σt )(t) in [0, T1]
to (8) with surface tension σ and initial data (Zǫ, Zǫt )(0), satisfying (Z
ǫ,σ
,α′ − 1, 1Zǫ,σ
,α′
− 1, Zǫ,σt ) ∈
Cl([0, T1], H
3.5− 3
2
l(R)×H3.5− 32 l(R)×H3− 32 l(R)) for l = 0, 1 and we also have
sup
t∈[0,T1]
Eσ(Zǫ,σ, Zǫ,σt )(t) ≤ C(L)
We denote the solution for ǫ = 0 in this case simply by (Zσ, Zσt )(t). Using Lemma 8.1 we see that
sup
t∈[0,T1]
{∥∥∥Zǫ,σ,α′ − 1∥∥∥
H3.5
(t) +
∥∥∥∥∥ 1Zǫ,σ,α′ − 1
∥∥∥∥∥
H3.5
(t) + ‖Zǫ,σt ‖H3(t)
}
≤ C(L,M0, T1, σ)
Also from Corollary 7.9 of [1] we obtain
sup
t∈[0,T1]
{∥∥∥Zǫ,σ,α′ − Zσ,α′∥∥∥
H2
(t) +
∥∥∥∥∥ 1Zǫ,σ,α′ − 1Zσ,α′
∥∥∥∥∥
H2
(t) + ‖Zǫ,σt − Zσt ‖H1.5(t)
}
→ 0 as ǫ→ 0
Now let 0 < ǫ ≤ ǫ0. Using Theorem 2.3 of [36] we see that there exists a Tǫ > 0 so that we
have a unique smooth solution (Zǫ, Zǫt )(t) in [0, Tǫ] to (8) with zero surface tension and initial data
(Zǫ, Zǫt )(0), satisfying (Z
ǫ
,α′ − 1, 1Zǫ
,α′
− 1, Zǫt ) ∈ L∞([0, T ], Hs(R)×Hs(R)×Hs+
1
2 (R)) for all s ≥ 4.
Therefore by Theorem 5.1 we see that for all t ∈ [0, Tǫ) we have
dEhigh(Z
ǫ, Zǫt )(t)
dt
≤ P (Ehigh(Zǫ, Zǫt )(t))
Also from Theorem 6.1 we have
dEaux(Z
ǫ, Zǫt )(t)
dt
≤ P (Ehigh(Zǫ, Zǫt )(t))Eaux(Zǫ, Zǫt )(t)
Hence using Proposition 5.2, Proposition 6.4, Lemma 8.1 and the blow up criterion of Theorem 2.3
of [36], we see that there exists a T2 > 0 depending only on L so that the solution (Z
ǫ, Zǫt )(t) in
fact exists in the time interval [0, T2] and we have the estimates
sup
t∈[0,T2]
Ehigh(Zǫ, Zǫt )(t) ≤ C(L) and sup
t∈[0,T2]
Eaux(Zǫ, Zǫt )(t) ≤ C(L,N0)
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along with
sup
t∈[0,T2]
{∥∥Zǫ,α′ − 1∥∥H3(t) +
∥∥∥∥∥ 1Zǫ,α′ − 1
∥∥∥∥∥
H3
(t) + ‖Zǫt ‖H3.5 (t)
}
≤ C(L,M0, N0, T2)
Let T = min{T1, T2} > 0. As the solutions (Zǫ, Zǫt )(t) and (Zǫ,σ, Zǫ,σt )(t) are smooth for 0 < ǫ ≤
ǫ0, we can now use Theorem 7.1 to see that for all t ∈ [0, T ) we have
d
dt
E∆(Z
ǫ,σ, Zǫ)(t) ≤ C(L)E∆(Zǫ,σ, Zǫ)(t)
Hence using Proposition 7.7 and the fact that E∆(Zǫ,σ, Zǫ)(0) ≤ 2E∆(Zσ, Z)(0) we see that there
are constants C0, C1 depending only on L so that
sup
t∈[0,T ]
E∆(Zǫ,σ, Zǫ)(t) ≤ C1eC0TE∆(Zσ, Z)(0)
We now let ǫ→ 0 and by using Theorem 3.9 of [36] and Lemma 5.9 of [33] we see that there exists
a unique solution (Z,Zt)(t) in [0, T ] to (8) with zero surface tension and initial data (Z,Zt)(0),
satisfying (Z,α′ − 1, 1Z,α′ − 1, Zt) ∈ C
l([0, T ], H3−
1
2
l(R)×H3− 12 l(R)×H3.5− 12 l(R)) for l = 0, 1, along
with the estimate
sup
t∈[0,T ]
E∆(Zσ, Z)(t) ≤ C1eC0TE∆(Zσ, Z)(0)
Hence proved. 
Proof of Corollary 3.2. Without loss of generality we assume that c = 1 and define τ =
σ
ǫ3/2
which
implies that τ ≤ 1. To simplify the proof we will suppress the dependence of M in the inequalities
i.e. when we write a . b, what we mean is that there exists a constant C(M) depending only on
M such that a ≤ C(M)b.
If σ ≥ 0, 0 < ǫ ≤ 1 and τ ≤ 1, then it was already shown in the proof of Corollary 2.2 that
we have Eσ(Zǫ,σ, Zǫ,σt )(0) . 1. It is also clear from the definition of M in (11) that we have
Ehigh(Zǫ, Zǫt )(0) . 1. Hence by Theorem 3.1 there exists T2, C0 > 0 depending only on M so that
the solutions (Zǫ,σ, Zǫ,σt )(t) exist in the time interval [0, T2], we have supt∈[0,T2] Ehigh(Zǫ, Zǫt )(t) . 1
and supt∈[0,T2] Eσ(Zǫ,σ, Zǫ,σt )(t) . 1, and we have
sup
t∈[0,T2]
E∆(Zǫ,σ, Zǫ)(t) . eC0T2E∆(Zǫ,σ, Zǫ)(0)
Let us now prove each of the statements in the corollary.
Part 1: From the above equation it is clear that we only need to prove E∆(Zǫ,σ, Zǫ)(0) . τ . As we
only need to prove the estimates for t = 0, we will suppress the time dependence of the solutions
e.g. we will write (Z ∗ Pǫ, Zt ∗ Pǫ)|t=0 by (Z,Zt)ǫ for simplicity.
Recall that E∆(Zǫ,σ, Zǫ)(0) = E∆,1(Zǫ,σ, Zǫ)(0)+ E∆,2(Zǫ,σ, Zǫ)(0)+σ(Eaux)ǫ(0) where the term
σ(Eaux)ǫ(0) is given by
σ(Eaux)ǫ(0) =
∥∥∥∥(σ 12Z 12,α′∂α′ 1Z,α′
)
ǫ
∥∥∥∥2
∞
+
∥∥∥∥∥
(
σ
1
2
Z
1
2
,α′
∂2α′
1
Z,α′
)
ǫ
∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
5
2
,α′
∂3α′
1
Z,α′
)
ǫ
∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
1
2
,α′
∂α′Zt,α′
)
ǫ
∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
5
2
,α′
∂2α′Zt,α′
)
ǫ
∥∥∥∥∥
2
2
+
∥∥∥∥∥
(
σ
1
2
Z
7
2
,α′
∂2α′Zt,α′
)
ǫ
∥∥∥∥∥
2
H˙
1
2
90 SIDDHANT AGRAWAL
Now looking at the proof of Corollary 2.2 in [1], it was shown there all the terms involving σ
in Eσ(Zǫ,σ, Zǫ,σt )(0) are bounded above by τ . Hence this directly implies that E∆,1(Zǫ,σ, Zǫ)(0) +
E∆,2(Zǫ,σ, Zǫ)(0) . τ . Hence we only need to prove that σ(Eaux)ǫ(0) . τ . Now observe that the only
terms of σ(Eaux)ǫ(0) we really need to control are
(
σ
1
2
Z
5
2
,α′
∂3α′
1
Z,α′
)
ǫ
∈ L2 and
(
σ
1
2
Z
7
2
,α′
∂2α′Zt,α′
)
ǫ
∈ H˙ 12 ,
as all the other terms are controlled as part of the terms involving σ in Eσ(Zǫ,σ, Zǫ,σt )(0). Let us
now control these two terms.
(1) We use sup
y<0
∥∥∥∥ 1Ψ3z ∂3z
(
1
Ψz
)∥∥∥∥
L1(R,dx)
. 1 and Lemma 9.10 to get
∥∥∥∥∥σ∂α′
(
1
Z3,α′
∂3α′
1
Z,α′
)
ǫ
∥∥∥∥∥
2
. τ
From this we also obtain∥∥∥∥∥
(
σ
Z3,α′
∂4α′
1
Z,α′
)
ǫ
∥∥∥∥∥
2
.
∥∥∥∥( 1Z,α′ ∂α′ 1Z,α′
)
ǫ
∥∥∥∥
∞
∥∥∥∥( σZ,α′ ∂3α′ 1Z,α′
)
ǫ
∥∥∥∥
2
+
∥∥∥∥∥σ∂α′
(
1
Z3,α′
∂3α′
1
Z,α′
)
ǫ
∥∥∥∥∥
2
. τ
Now we have∥∥∥∥∥
(
σ|Z,α′ |2∂α′
(
1
|Z,α′ |5
∂3α′
1
Z,α′
))
ǫ
∥∥∥∥∥
2
.
∥∥∥∥∥
(
σ
Z3,α′
∂4α′
1
Z,α′
)
ǫ
∥∥∥∥∥
2
+
∥∥∥∥(σ 13 ∂α′ 1|Z,α′ |
)
ǫ
∥∥∥∥
∞
∥∥∥∥∥
(
σ
2
3
|Z,α′ |2
∂3α′
1
Z,α′
)
ǫ
∥∥∥∥∥
2
. τ
where the last two terms in the product above were controlled in the proof of Corollary 2.2 in
[1]. Hence by using integration by parts we see that∥∥∥∥∥
(
σ
1
2
Z
5
2
,α′
∂3α′
1
Z,α′
)
ǫ
∥∥∥∥∥
2
2
.
∥∥∥∥∥
(
1
|Z,α′ |2
∂2α′
1
Z,α′
)
ǫ
∥∥∥∥∥
2
∥∥∥∥∥
(
σ|Z,α′ |2∂α′
(
1
|Z,α′ |5
∂3α′
1
Z,α′
))
ǫ
∥∥∥∥∥
2
. τ
(2) Using Proposition 9.6 we see that∥∥∥∥∥
(
σ
1
2
Z
7
2
,α′
∂2α′Zt,α′
)
ǫ
∥∥∥∥∥
H˙
1
2
. σ
1
2
∥∥∥∥ 1(Z,α′)ǫ
∥∥∥∥ 72
∞
∥∥(∂2α′Zt,α′)ǫ∥∥H˙ 12 + σ 12
∥∥∥∥ 1(Z,α′)ǫ
∥∥∥∥ 52
∞
∥∥∥∥(∂α′ 1Z,α′
)
ǫ
∥∥∥∥
2
∥∥(∂2α′Zt,α′)ǫ∥∥2
. τ
1
2
This finishes the proof of E∆(Zǫ,σ, Zǫ)(0) . τ and hence we have proved the first part.
Part 2: From the definition of F∆ in (14) we observe that
F∆(Zǫ,σ, Z)(t) ≤ F∆(Zǫ,σ, Zǫ)(t) + F∆(Zǫ, Z)(t)
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Now from Theorem 3.7 of [36] we see that supt∈[0,T ]F∆(Zǫ, Z)(t)→ 0 as ǫ→ 0. Hence it is enough
to show that supt∈[0,T ]F∆(Zǫ,σ, Zǫ)(t) → 0 as τ → 0. Let (Zǫ, Zǫt )(t) be the solution A and let
(Zǫ,σt , Z
ǫ,σ
t ) be solution B. Hence from Lemma 7.4 we see that U˜ = Uh˜ = U
−1
ha
Uhb is bounded on L
2
and H˙
1
2 , and the same is true for U˜−1. Hence we see that
F∆(Zǫ,σ, Zǫ)(t) . F˜∆(Zǫ,σ, Zǫ)(t)
where
F˜∆(Zǫ,σ, Zǫ)(t) = ‖∆(Zt)‖
H˙
1
2
+ ‖∆(Ztt)‖
H˙
1
2
+
∥∥∥∥∆( 1Z,α′
)∥∥∥∥
H˙
1
2
+
∥∥∆(hα ◦ h−1)∥∥2
+ ‖∆(Dα′Zt)‖2 + ‖∆(A1)‖2 + ‖∆(bα′)‖2
(55)
We now control each of these terms. Hence using Lemma 8.1 we see that
‖∆(Zt)‖2
L∞∩H˙ 12 . ‖∆(Zt)‖2‖∂α′∆(Zt)‖2 . (‖(Zt)a‖2 + ‖(Zt)b‖2)‖∂α′∆(Zt)‖2 . E∆(Z
ǫ,σ, Zǫ)(t)
1
2
This implies that ‖∆(Zt)‖
L∞∩H˙ 12 → 0 as τ → 0. By the same argument we also see that
‖∆(Ztt)‖
L∞∩H˙ 12 +
∥∥∥∆( 1Z,α′ )∥∥∥L∞∩H˙ 12 → 0 as τ → 0. Now using Lemma 8.1 we observe that
‖∆(Dα′Zt)‖2 .
∥∥∥∥∆( 1Z,α′
)∥∥∥∥
∞
+ ‖∆(Zt,α′)‖2
Therefore ‖∆(Dα′Zt)‖2 → 0 as τ → 0. Now we recall the formula of A1 from (8) which is A1 =
1 − Im[Zt,H]Zt,α′ . Hence by using Lemma 7.3, Lemma 8.1, Proposition 9.5 and Proposition 10.4
we see that
‖∆(A1)‖2 . ‖∆(Zt)‖H˙ 12 +
∥∥h˜α′ − 1∥∥∞ + ∥∥∂α′∆(Zt)∥∥2
This shows that ‖∆(A1)‖2 → 0 as τ → 0. Now applying Re(I−H) to the formula of bα′ from (21)
we see that
bα′ = Re
{[
1
Z,α′
,H
]
Zt,α′ + 2Dα′Zt + [Zt,H]
(
∂α′
1
Z,α′
)}
Hence by using Lemma 7.3,Lemma 8.1, Proposition 9.5 and Proposition 10.4 we see that
‖∆(bα′)‖2 .
∥∥∥∥∆( 1Z,α′
)∥∥∥∥
H˙
1
2
+
∥∥h˜α′ − 1∥∥∞ + ‖∂α′∆(Zt)‖2 + ‖∆(Dα′Zt)‖2 + ‖∆(Zt)‖H˙ 12
+
∥∥∥∥∂α′∆( 1Z,α′
)∥∥∥∥
2
This shows that ‖∆(bα′)‖2 → 0 as τ → 0. Finally using Lemma 4.4 we see that
d
dt
∥∥∆(hα ◦ h−1)∥∥22 . ∥∥∆(hα ◦ h−1)∥∥22 + ∥∥∆(hα ◦ h−1)∥∥2∥∥(Dt)a∆(hα ◦ h−1)∥∥2
.
∥∥∆(hα ◦ h−1)∥∥22 + ∥∥∆(hα ◦ h−1)∥∥2∥∥∆(htα ◦ h−1)∥∥2
.
∥∥∆(hα ◦ h−1)∥∥22 + ∥∥∆(hα ◦ h−1)∥∥2‖∆(bα′)‖2
.
∥∥∆(hα ◦ h−1)∥∥22 + ‖∆(bα′)‖22
Now by integrating the above inequality and using the fact that ‖∆(bα′)‖2 → 0 as τ → 0, we see
that
∥∥∆(hα ◦ h−1)∥∥2 → 0 as τ → 0. Hence proved. 
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9. Appendix A
Here we collect the main identities and estimates proved in the appendix of [1] that we need in
this paper. For the proof of the estimates we refer to the appendix of [1]. Let Dt = ∂t + b∂α′ where
b is given by (8) and recall that [f, g;h] is defined as
[f1, f2; f3](α
′) =
1
iπ
∫ (
f1(α
′)− f1(β′)
α′ − β′
)(
f2(α
′)− f2(β′)
α′ − β′
)
f3(β
′) dβ′
Proposition 9.1. Let f, g, h ∈ S(R). Then we have the following identities
(1) h∂α′ [f,H]∂α′g = [h∂α′f,H]∂α′g + [f,H]∂α′(h∂α′g)− [h, f ; ∂α′g]
(2) Dt[f,H]∂α′g = [Dtf,H]∂α′g + [f,H]∂α′(Dtg)− [b, f ; ∂α′g]
Proof. See [1] for a proof. 
Proposition 9.2. Let H ∈ C1(R), Ai ∈ C1(R) for i = 1, · · ·m and F ∈ C∞(R). Define
C1(H,A, f)(x) = p.v.
∫
F
(
H(x)−H(y)
x− y
)
Πmi=1(Ai(x) −Ai(y))
(x− y)m+1 f(y) dy
C2(H,A, f)(x) = p.v.
∫
F
(
H(x)−H(y)
x− y
)
Πmi=1(Ai(x) −Ai(y))
(x− y)m ∂yf(y) dy
then there exists constants c1, c2, c3, c4 depending only on F and ‖H ′‖∞ so that
(1) ‖C1(H,A, f)‖2 ≤ c1‖A′1‖∞ · · · ‖A′m‖∞‖f‖2
(2) ‖C1(H,A, f)‖2 ≤ c2‖A′1‖2‖A′2‖∞ · · · ‖A′m‖∞‖f‖∞
(3) ‖C2(H,A, f)‖2 ≤ c3‖A′1‖∞ · · · ‖A′m‖∞‖f‖2
(4) ‖C2(H,A, f)‖2 ≤ c4‖A′1‖2‖A′2‖∞ · · · ‖A′m‖∞‖f‖∞
Proof. See [1] for a proof. 
Proposition 9.3. Let T : D(R)→ D′(R) be a linear operator with kernel K(x, y) such that on the
open set {(x, y) : x 6= y} ⊂ R× R, K(x, y) is a function satisfying
|K(x, y)| ≤ C0|x− y| and |∇xK(x, y)| ≤
C0
|x− y|2
where C0 is a constant. If T is continuous on L
2(R) with ‖T ‖L2→L2 ≤ C0 and if T (1) = 0, then T
is bounded on H˙s for 0 < s < 1 with ‖T ‖H˙s→H˙s . C0
Proof. See [1] for a proof. 
Proposition 9.4. Let f ∈ S(R). Then we have
(1) ‖f‖∞ . ‖f‖Hs if s > 12 and for s = 12 we have ‖f‖BMO . ‖f‖H˙ 12
(2)
∫ ∣∣∣∣f(α′)− f(β′)α′ − β′
∣∣∣∣2 dβ′ . ‖f ′‖22
(3)
∥∥∥∥∥supβ′
∣∣∣∣f(α′)− f(β′)α′ − β′
∣∣∣∣
∥∥∥∥∥
L2(R,dα′)
. ‖f ′‖2
(4) ‖f‖2
H˙
1
2
=
1
2π
∫∫ ∣∣∣∣f(α′)− f(β′)α′ − β′
∣∣∣∣2 dβ′ dα′
(5)
∥∥∥∥∂β′(f(α′)− f(β′)α′ − β′
)∥∥∥∥
L2(R2,dα′ dβ′)
. ‖f ′‖
H˙
1
2
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Proof. See [1] for a proof. 
Proposition 9.5. Let f, g ∈ S(R) with s, a ∈ R and m,n ∈ Z. Then we have the following estimates
(1)
∥∥|∂α′ |s[f,H](|∂α′ |ag)∥∥2 . ∥∥|∂α′ |s+af∥∥BMO‖g‖2 for s, a ≥ 0
(2)
∥∥|∂α′ |s[f,H](|∂α′ |ag)∥∥2 . ∥∥|∂α′ |s+af∥∥2‖g‖BMO for s ≥ 0 and a > 0
(3)
∥∥[f, |∂α′ | 12 ]g∥∥2 . ∥∥|∂α′ | 12 f∥∥BMO‖g‖2
(4)
∥∥[f, |∂α′ | 12 ](|∂α′ | 12 g)∥∥2 . ∥∥|∂α′ |f∥∥BMO‖g‖2
(5) ‖∂mα′ [f,H]∂nα′g‖L∞∩H˙ 12 .
∥∥∂(m+n+1)α′ f∥∥2‖g‖2 for m,n ≥ 0
(6) ‖∂mα′ [f,H]∂nα′g‖2 . ‖∂(m+n)α′ f‖∞‖g‖2 for m,n ≥ 0
(7) ‖∂mα′ [f,H]∂nα′g‖2 . ‖∂(m+n)α′ f‖2‖g‖∞ for m ≥ 0 and n ≥ 1
(8) ‖[f,H]g‖2 . ‖f ′‖2‖g‖1
Proof. See [1] for a proof. 
Proposition 9.6. Let f, g, h ∈ S(R) with s, a ∈ R and m,n ∈ Z. Then we have the following
estimates
(1) ‖|∂α′ |s(fg)‖2 . ‖|∂α′ |sf‖2‖g‖∞ + ‖f‖∞‖|∂α′ |sg‖2 for s > 0
(2) ‖fg‖
H˙
1
2
. ‖f‖
H˙
1
2
‖g‖∞ + ‖f‖∞‖g‖H˙ 12
(3) ‖fg‖
H˙
1
2
. ‖f ′‖2‖g‖2 + ‖f‖∞‖g‖H˙ 12
Proof. See [1] for a proof. 
Proposition 9.7. Let f, g, h ∈ S(R) . Then we have the following estimates
(1) ‖[f, g;h]‖2 . ‖f ′‖2‖g′‖2‖h‖2
(2) ‖∂α′ [f, [g,H]]h‖2 . ‖f ′‖2‖g′‖2‖h‖2
(3) ‖[f, g;h′]‖2 . ‖f ′‖∞‖g′‖∞‖h‖2
(4) ‖[f, g;h′]‖
H˙
1
2
. ‖f ′‖∞‖g′‖∞‖h‖H˙ 12
(5) ‖[f, g;h]‖
L∞∩H˙ 12 . ‖f
′‖∞‖g′‖2‖h‖2
Proof. See [1] for a proof. 
Proposition 9.8. Let f ∈ S(R) and let w be a smooth non-zero weight with w, 1w ∈ L∞(R) and
w′ ∈ L2(R). Then
(1) ‖f‖2∞ .
∥∥∥ fw∥∥∥2‖w(f ′)‖2
(2) ‖f‖2
L∞∩H˙ 12 .
∥∥∥ fw∥∥∥2‖(wf)′‖2 + ∥∥∥ fw∥∥∥22‖w′‖22
Proof. See [1] for a proof. 
Proposition 9.9. Let f, g ∈ S(R) and let w, h ∈ L∞(R) be smooth functions with w′, h′ ∈ L2(R).
Then
‖fwh‖
H˙
1
2
. ‖fw‖
H˙
1
2
‖h‖∞ + ‖f‖2‖(wh)′‖2 + ‖f‖2‖w′‖2‖h‖∞
If in addition we assume that w is real valued then
‖fgw‖2 . ‖fw‖H˙ 12 ‖g‖2 + ‖gw‖H˙ 12 ‖f‖2 + ‖f‖2‖g‖2‖w
′‖2
Proof. See [1] for a proof. 
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Lemma 9.10. Let Kǫ be the Poisson kernel from (3). If f ∈ Lq(R), then for s ≥ 0 an integer we
have
‖(∂sα′f) ∗ Pǫ‖p . ‖f‖qǫ−s−(
1
q− 1p ) for 1 ≤ q ≤ p ≤ ∞
Similarly for s ∈ R, s ≥ 0 we have
‖(|∂α′ |sf) ∗ Pǫ‖p . ‖f‖qǫ−s−(
1
q− 1p) for 1 ≤ q ≤ p ≤ ∞
Proof. See [1] for a proof. 
10. Appendix B
We now prove some estimates which are new. We first need some identities for holomorphic
functions.
Proposition 10.1. Let f ∈ S(R) with PAf = 0. Then we have the following identities
(1) (I−H)Dtf = (I−H)(ZtDα′f)
(2) (I−H)D2t f
= 2
[
PA
(
Zt
Z,α′
)
,H
]
∂α′(Dtf)−
[
PA
(
Zt
Z,α′
)
,PA
(
Zt
Z,α′
)
; ∂α′f
]
+
1
4
(I−H)
{([
1
Z,α′
,H
]
Zt,α′
)
[Zt,H]Dα′f
}
− 1
4
(I−H)
{(
[Zt,H]∂α′
1
Z,α′
)2
f
}
+
1
2
[
[Zt, [Zt,H]]∂α′
1
Z,α′
,H
]
∂α′
(
f
Z,α′
)
+ [Ztt,H]Dα′f
Proof. These identities essentially says that the material derivative of a holomorphic function remain
essentially holomorphic. These identities are proved in [35], see Appendix B for the first identity
and section 4 for the second identity. 
Corollary 10.2. Let H ∈ C1(R), Ai ∈ C1(R) for i = 1, · · ·m and let δ > 0 be such that
δ ≤
∣∣∣∣H(x)−H(y)x− y
∣∣∣∣ ≤ 1δ for all x 6= y
Let 0 ≤ k ≤ m+ 1 and define
T (A, f)(x) = p.v.
∫
Πmi=1(Ai(x)−Ai(y))
(x− y)m+1−k(H(x)−H(y))k f(y) dy
then we have the estimates
(1) ‖T (A, f)‖2 ≤ C(‖H ′‖∞, δ)‖A′1‖∞ · · · ‖A′m‖∞‖f‖2
(2) ‖T (A, f)‖2 ≤ C(‖H ′‖∞, δ)‖A′1‖2‖A′2‖∞ · · · ‖A′m‖∞‖f‖∞
Proof. If k = 0, then the result follows directly from Proposition 9.2. If k ≥ 1, we choose a smooth
function F with compact support such that F (x) = 0 if |x| ≤ δ2 , F (x) = 0 if |x| ≥ 2δ and F (x) = x−k
if δ ≤ |x| ≤ 1δ . The result now follows from Proposition 9.2. 
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We now prove some basic estimates for the operators defined in §7. Recall from (53)
(Hf)(α′) = 1
iπ
p.v.
∫
h˜β′(β
′)
h˜(α′)− h˜(β′)
f(β′) dβ′
(H˜f)(α′) = 1
iπ
p.v.
∫
1
h˜(α′)− h˜(β′)
f(β′) dβ′
Proposition 10.3. Let H, H˜ be defined as in (53) and let f ∈ S(R). Assume that there is a
constant L > 0 so that
1
L
≤
∣∣∣∣∣ h˜(x) − h˜(y)x− y
∣∣∣∣∣ ≤ L for all x 6= y
We will suppress the dependence of L i.e. we write a . b instead of a ≤ C(L)b. With this notation
we have the following estimates
(1) ‖H(f)‖2 . ‖f‖2 and ‖H˜(f)‖2 . ‖f‖2.
(2) ‖H(f)‖
H˙
1
2
. ‖f‖
H˙
1
2
Proof. The proofs are quite straighforward
(1) The estimate ‖H˜(f)‖2 . ‖f‖2 follows directly from Corollary 10.2. Hence we see that ‖H(f)‖2 .
‖h˜α′f‖2 . ‖f‖2.
(2) We see that H(1) = 0 and ‖H‖L2→L2 . 1. The kernel of H is
K(α′, β′) =
h˜β′(β
′)
h˜(α′)− h˜(β′)
From this we see that
|K(α′, β′)| . 1|α′ − β′| and |∇α′K(α
′, β′)| . 1|α′ − β′|2
Hence from Proposition 9.3 we obtain ‖H‖
H˙
1
2→H˙ 12 . 1.

We now prove the main estimate used to handle the difference of terms in the energy estimate of
E∆. Recall that [f1, f2; f3]h˜ is defined as
[f1, f2; f3]h˜(α
′) =
1
iπ
∫ (
f1(α
′)− f1(β′)
h˜(α′)− h˜(β′)
)(
f2(α
′)− f2(β′)
h˜(α′)− h˜(β′)
)
f3(β
′) dβ′
Proposition 10.4. Let H be the Hilbert transform and let H, H˜ be defined as in (53) and let
f, f1, f2, f3, g ∈ S(R). Assume that there is a constant L > 0 so that
1
L
≤
∣∣∣∣∣ h˜(x) − h˜(y)x− y
∣∣∣∣∣ ≤ L for all x 6= y
We will suppress the dependence of L i.e. we write a . b instead of a ≤ C(L)b. With this notation
we have the following estimates
(1) ‖(H−H)f‖2 . ‖h˜α′ − 1‖∞‖f‖2
(2) ‖(H−H)f‖
H˙
1
2
. ‖h˜α′ − 1‖∞‖f‖H˙ 12
(3) ‖[f,H− H˜]g‖2 . ‖h˜α′ − 1‖∞‖f ′‖2‖g‖1
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(4) ‖[f,H− H˜]g‖2 . ‖h˜α′ − 1‖∞‖f‖H˙ 12 ‖g‖2
(5) ‖[f,H− H˜]∂α′g‖2 . ‖h˜α′ − 1‖∞‖f ′‖∞‖g‖2
(6) ‖[f,H− H˜]∂α′g‖2 . ‖h˜α′ − 1‖∞‖f ′‖2‖g‖∞
(7) ‖[f,H− H˜]∂α′g‖2 . ‖h˜α′ − 1‖∞‖f ′‖2‖g‖H˙ 12
(8) ‖[f,H− H˜]∂α′g‖2 . ‖h˜α′ − 1‖∞
{‖f ′‖
H˙
1
2
‖g‖2 + ‖f ′g‖2
}
(9) ‖∂α′ [f1, [f2,H− H˜]]∂α′f3‖2 . ‖h˜α′ − 1‖∞‖f ′1‖2‖f ′2‖2‖f ′3‖2
(10) ‖[f,H− H˜]g‖
L∞∩H˙ 12 . ‖h˜α′ − 1‖∞‖f
′‖2‖g‖2
(11) ‖[f,H− H˜]∂α′g‖
H˙
1
2
. ‖h˜α′ − 1‖∞‖f ′‖∞‖g‖H˙ 12
(12)
∥∥[f1, f2; f3]− [f1, f2; f3]h˜∥∥L∞∩H˙ 12 . ‖h˜α′ − 1‖∞‖f ′1‖∞‖f ′2‖2‖f3‖2
(13)
∥∥[f1, f2; ∂α′f3]− [f1, f2; ∂α′f3]h˜∥∥2 . ‖h˜α′ − 1‖∞‖f ′1‖∞‖f ′2‖∞‖f3‖2
(14)
∥∥[f1, f2; ∂α′f3]− [f1, f2; ∂α′f3]h˜∥∥H˙ 12 . ‖h˜α′ − 1‖∞‖f ′1‖∞‖f ′2‖∞‖f3‖H˙ 12
Proof. We first observe that from Proposition 10.3 we get ‖H(f)‖2 . ‖f‖2, ‖H(f)‖H˙ 12 . ‖f‖H˙ 12
and ‖H˜(f)‖2 . ‖f‖2. To simplify the calculations we define
F (a, b) =
f(a)− f(b)
a− b Fh(a, b) =
f(a)− f(b)
h˜(a)− h˜(b)
G(a, b) =
g(a)− g(b)
a− b Gh(a, b) =
g(a)− g(b)
h˜(a)− h˜(b)
Fi(a, b) =
fi(a)− fi(b)
a− b Fih(a, b) =
fi(a)− fi(b)
h˜(a)− h˜(b)
H(a, b) =
(h˜(a)− a)− (h˜(b)− b)
a− b Hh(a, b) =
(h˜(a)− a)− (h˜(b)− b)
h˜(a)− h˜(b)
We have the identities
F (α′, s)− F (β′, s)
α′ − β′ =
F (α′, β′)− F (β′, s)
α′ − s
Hh(α
′, s)−Hh(β′, s)
α′ − β′ =
1
h˜(α′)− h˜(s)
{
H(α′, β′)−Hh(β′, s)
(
h˜(α′)− h˜(β′)
α′ − β′
)}
(1) We write (H−H) = (H− H˜) + (H˜ − H). Observe that
(H˜ − H)f = H˜((1− h˜α′)f)
Hence as H˜ is bounded on L2 we have ‖(H˜ − H)f‖2 . ‖h˜α′ − 1‖∞‖f‖2. Now we have
((H− H˜)f)(α′) = 1
iπ
∫ (
1
α′ − β′ −
1
h˜(α′)− h˜(β′)
)
f(β′) dβ′ =
1
iπ
∫
Hh(α
′, β′)
α′ − β′ f(β
′) dβ′
Now using Corollary 10.2 we see that ‖(H − H˜)f‖2 . ‖h˜′ − 1‖∞‖f‖2. Hence the required
estimate follows.
(2) Observe that (H −H)(1) = 0 and that the kernel of this operator is
K(α′, β′) =
1
α′ − β′ −
h˜β′(β
′)
h˜(α′)− h˜(β′)
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Hence this kernel satisfies
|K(α′.β′)| . ‖h˜α′ − 1‖∞|α′ − β′| |∇α′K(α
′.β′)| . ‖h˜α′ − 1‖∞|α′ − β′|2
and by the first estimate of this proposition we also have ‖H−H‖L2→L2 . ‖h˜α′ − 1‖∞. Hence
by Proposition 9.3 we have boundedness on H˙
1
2 with ‖H−H‖
H˙
1
2→H˙ 12 . ‖h˜α′ − 1‖∞.
(3) Note that
([f,H− H˜]g)(α′) = 1
iπ
∫
F (α′, β′)Hh(α′, β′)g(β′) dβ′
and hence by Cauchy Schwartz we have
|[f,H− H˜]g|(α′) . ‖h˜α′ − 1‖∞‖g‖
1
2
1
(∫
|F (α′, β′)|2|g(β′)| dβ′
) 1
2
The estimate now follows from Hardy’s inequality in Proposition 9.4.
(4) From the earlier computation we see that
(|[f,H− H˜]g|)(α′) . ‖h˜α′ − 1‖∞‖g‖2
(∫
|F (α′, β′)|2 dβ′
) 1
2
We now obtain the estimate easily as
∫∫
|F (α′, β′)|2 dβ′ dα′ . ‖f‖2
H˙
1
2
from Proposition 9.4.
(5) We observe
([f,H− H˜]∂α′g)(α′)
=
1
iπ
∫
F (α′, β′)Hh(α′, β′)gβ′(β′) dβ′
=
1
iπ
∫
Hh(α
′, β′)
α′ − β′ fβ′(β
′)g(β′) dβ′ +
1
iπ
∫
F (α′, β′)
h˜(α′)− h˜(β′)
(h˜β′(β
′)− 1)g(β′) dβ′
− 1
iπ
∫
F (α′, β′)
α′ − β′ Hh(α
′, β′)g(β′) dβ′ − 1
iπ
∫
F (α′, β′)Hh(α′, β′)
h˜(α′)− h˜(β′)
h˜β′(β
′)g(β′) dβ′
The estimate now follows from Corollary 10.2.
(6) This also follows from the computation above and Corollary 10.2.
(7) We see that
([f,H− H˜]∂α′g)(α′) = 1
iπ
∫
F (α′, β′)Hh(α′, β′)gβ′(β′) dβ′
=
1
iπ
∫
∂β′(F (α
′, β′)Hh(α′, β′))(g(α′)− g(β′)) dβ′
Now as F (α′, β′) =
f(α′)− f(β′)
α′ − β′ , if the derivative falls on f then we can use estimate 4 of this
proposition. All other terms are bounded point-wise by
‖h˜α′ − 1‖∞
∫ ∣∣∣∣f(α′)− f(β′)α′ − β′
∣∣∣∣∣∣∣∣g(α′)− g(β′)α′ − β′
∣∣∣∣ dβ′
Now use Cauchy Schwartz and Hardy’s inequality from Proposition 9.4.
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(8) We see that
[f,H− H˜]∂α′g
=
1
iπ
∫
F (α′, β′)Hh(α′, β′)gβ′(β′) dβ′
= − 1
iπ
∫
(∂β′F (α
′, β′))Hh(α′, β′)g(β′) dβ′ − 1
iπ
∫
{∂β′Hh(α′, β′)}fβ′(β′)g(β′) dβ′
− 1
iπ
∫ (
F (α′, β′)− fβ′(β′)
α′ − β′
)
{(α′ − β′)∂β′Hh(α′, β′)}g(β′) dβ′
For the first term we use Cauchy Schwartz inequality along with Proposition 9.4. The second
term is easily handled by Corollary 10.2. For the last term we observe that ∂β′F (α
′, β′) =
F (α′,β′)−fβ′ (β′)
α′−β′ and then use Cauchy Schwartz inequality along with Proposition 9.4.
(9) We have
∂α′ [f1, [f2,H− H˜]]∂α′f3
=
1
iπ
∂α′
∫
(f1(α
′)− f1(β′))F2(α′, β′)Hh(α′, β′)f3β′(β′) dβ′
= f ′1(α
′)
(
1
iπ
∫
F2(α
′, β′)Hh(α′, β′)f3β′(β′) dβ′
)
+ f ′2(α
′)
(
1
iπ
∫
F1(α
′, β′)Hh(α′, β′)f3β′(β′) dβ′
)
+
1
iπ
∫
F1(α
′, β′)F2(α′, β′)
{
(α′ − β′)∂α′Hh(α′, β′)−Hh(α′, β′)
}
f3β′(β
′) dβ′
Each of the terms are now easily controlled by using Cauchy Schwartz inequality and using
Proposition 9.4 and Proposition 9.7.
(10) Note that
[f,H− H˜]g = 1
iπ
∫
F (α′, s)Hh(α′, s)g(s) ds
Hence the L∞ estimate follows immediately from Cauchy Schwartz inequality and Proposi-
tion 9.4. We now show the H˙
1
2 estimate by using identity 4 in Proposition 9.4. We see that
([f,H− H˜]g)(α′)− ([f,H− H˜]g)(β′)
α′ − β′
=
1
iπ
∫
F (α′, s)Hh(α′, s)− F (β′, s)Hh(β′, s)
α′ − β′ g(s) ds
=
1
iπ
∫
F (α′, s)− F (β′, s)
α′ − β′ Hh(α
′, s)g(s) ds+
1
iπ
∫
Hh(α
′, s)−Hh(β′, s)
α′ − β′ F (β
′, s)g(s) ds
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Now using the identities mentioned at the start of the proof of this proposition we get
([f,H− H˜]g)(α′)− ([f,H− H˜]g)(β′)
α′ − β′
=
F (α′, β′)
iπ
∫
Hh(α
′, s)
α′ − s g(s) ds−
1
iπ
∫
Hh(α
′, s)
α′ − s F (β
′, s)g(s) ds
+
H(α′, β′)
iπ
∫
F (β′, s)
h˜(α′)− h˜(s)
g(s) ds
− 1
iπ
(
h˜(α′)− h˜(β′)
α′ − β′
)∫
F (β′, s)
h˜(α′)− h˜(s)
Hh(β
′, s)g(s) ds
= I + II + III + IV
We can control each of the terms. The first term is controlled as∥∥∥∥F (α′, β′)iπ
∫
Hh(α
′, s)
α′ − s g(s) ds
∥∥∥∥
L2(R×R,dα′ dβ′)
.
∥∥∥∥∥‖F (α′, β′)‖L∞(dα′)
∥∥∥∥∫ Hh(α′, s)α′ − s g(s) ds
∥∥∥∥
L2(dα′)
∥∥∥∥∥
L2(dβ′)
. ‖h˜α′ − 1‖∞‖f ′‖2‖g‖2
where we used Corollary 10.2 and Proposition 9.4. For the second term we have∥∥∥∥ 1iπ
∫
Hh(α
′, s)
α′ − s F (β
′, s)g(s) ds
∥∥∥∥
L2(R×R,dα′ dβ′)
.
∥∥∥∥∥
∥∥∥∥∫ Hh(α′, s)α′ − s F (β′, s)g(s) ds
∥∥∥∥
L2(dα′)
∥∥∥∥∥
L2(dβ′)
. ‖h˜α′ − 1‖∞‖g‖2
∥∥∥‖F (β′, ·)‖L∞∥∥∥
L2(dβ′)
. ‖h˜α′ − 1‖∞‖f ′‖2‖g‖2
Similarly the third term is controlled as∥∥∥∥∥H(α′, β′)iπ
∫
F (β′, s)
h˜(α′)− h˜(s)
g(s) ds
∥∥∥∥∥
L2(R×R,dα′ dβ′)
. ‖h˜α′ − 1‖∞
∥∥∥∥∥∥
∥∥∥∥∥
∫
F (β′, s)
h˜(α′)− h˜(s)
g(s) ds
∥∥∥∥∥
L2(dα′)
∥∥∥∥∥∥
L2(dβ′)
. ‖h˜α′ − 1‖∞‖g‖2
∥∥∥‖F (β′, ·)‖L∞∥∥∥
L2(dβ′)
. ‖h˜α′ − 1‖∞‖f ′‖2‖g‖2
and the last term is controlled similarly to the second term. Hence we have the required estimate.
(11) From estimate 5 of this proposition we see that the operator T : g 7→ [f,H − H˜]∂α′(g) is
bounded on L2 with ‖T ‖L2→L2 . ‖h˜α′ − 1‖∞‖f ′‖∞ and that T (1) = 0. It is also easy to see
that its kernel satisfies the conditions of Proposition 9.3 and hence the estimate follows.
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(12) This is proved in exactly the same was as we proved estimate 10 of this proposition. We leave
the details to the reader.
(13) Consider the operator T : f3 7→ [f1, f2; ∂α′f3]− [f1, f2; ∂α′f3]h˜. We observe that
T (f3)(α
′)
= − 1
iπ
∫
∂β′
{
f1(α
′)− f1(β′)
α′ − β′
f2(α
′)− f2(β′)
α′ − β′ −
f1(α
′)− f1(β′)
h˜(α′)− h˜(β′)
f2(α
′)− f2(β′)
h˜(α′)− h˜(β′)
}
f3(β
′) dβ′
Now by repeated use of Corollary 10.2 we obtain ‖T ‖L2→L2 . ‖h˜α′ − 1‖∞‖f ′1‖∞‖f ′2‖∞.
(14) We again consider the operator T : f3 7→ [f1, f2; ∂α′f3]− [f1, f2; ∂α′f3]h˜ and from the previous
estimate we have ‖T ‖L2→L2 . ‖h˜α′ − 1‖∞‖f ′1‖∞‖f ′2‖∞. We observe that T (1) = 0 and it is
also easy to see that its kernel satisfies the conditions of Proposition 9.3. Hence the required
estimate follows.

References
1. Siddhant Agrawal, Angled crested type water waves with surface tension: Wellposedness of the problem, Preprint
(2019), arXiv:1909.09671.
2. , Rigidity of singularities of 2D gravity water waves, J. Differential Equations 268 (2020), no. 3, 1220–
1249. MR 4029004
3. Albert Ai, Low regularity solutions for gravity water waves, Preprint (2017), arXiv:1712.07821.
4. , Low regularity solutions for gravity water waves II: The 2D case, Ann. PDE 6 (2020), no. 1, Paper No.
4, 117. MR 4098033
5. Albert Ai, Mihaela Ifrim, and Daniel Tataru, Two dimensional gravity waves at low regularity I: Energy estimates,
(2019), arXiv:1910.05323.
6. T. Alazard, N. Burq, and C. Zuily, On the water-wave equations with surface tension, Duke Math. J. 158 (2011),
no. 3, 413–499. MR 2805065
7. , On the Cauchy problem for gravity water waves, Invent. Math. 198 (2014), no. 1, 71–163. MR 3260858
8. Thomas Alazard, Nicolas Burq, and Claude Zuily, Strichartz estimates and the Cauchy problem for the gravity
water waves equations, Mem. Amer. Math. Soc. 256 (2018), no. 1229, v+108. MR 3852259
9. David M. Ambrose, Well-posedness of vortex sheets with surface tension, SIAM J. Math. Anal. 35 (2003), no. 1,
211–244. MR 2001473
10. David M. Ambrose and Nader Masmoudi, The zero surface tension limit of two-dimensional water waves, Comm.
Pure Appl. Math. 58 (2005), no. 10, 1287–1315. MR 2162781
11. , The zero surface tension limit of three-dimensional water waves, Indiana Univ. Math. J. 58 (2009),
no. 2, 479–521. MR 2514378
12. Klaus Beyer and Matthias Gu¨nther, On the Cauchy problem for a capillary drop. I. Irrotational motion, Math.
Methods Appl. Sci. 21 (1998), no. 12, 1149–1183. MR 1637554
13. Angel Castro, Diego Co´rdoba, Charles Fefferman, Francisco Gancedo, and Javier Go´mez-Serrano, Finite time
singularities for water waves with surface tension, J. Math. Phys. 53 (2012), no. 11, 115622, 26. MR 3026567
14. Angel Castro, Diego Co´rdoba, Charles Fefferman, Francisco Gancedo, and Javier Go´mez-Serrano, Finite time
singularities for the free boundary incompressible Euler equations, Ann. of Math. (2) 178 (2013), no. 3, 1061–1134.
MR 3092476
15. Demetrios Christodoulou and Hans Lindblad, On the motion of the free surface of a liquid, Comm. Pure Appl.
Math. 53 (2000), no. 12, 1536–1602. MR 1780703
16. Daniel Coutand and Steve Shkoller, Well-posedness of the free-surface incompressible Euler equations with or
without surface tension, J. Amer. Math. Soc. 20 (2007), no. 3, 829–930. MR 2291920
17. Walter Craig, An existence theory for water waves and the Boussinesq and Korteweg-de Vries scaling limits,
Comm. Partial Differential Equations 10 (1985), no. 8, 787–1003. MR 795808
18. Thibault de Poyferre´, A Priori Estimates for Water Waves with Emerging Bottom, Arch. Ration. Mech. Anal.
232 (2019), no. 2, 763–812. MR 3925531
WATER WAVES 101
19. Benjamin Harrop-Griffiths, Mihaela Ifrim, and Daniel Tataru, Finite depth gravity water waves in holomorphic
coordinates, Ann. PDE 3 (2017), no. 1, Art. 4, 102. MR 3625189
20. John K. Hunter, Mihaela Ifrim, and Daniel Tataru, Two dimensional water waves in holomorphic coordinates,
Comm. Math. Phys. 346 (2016), no. 2, 483–552. MR 3535894
21. Tatsuo Iguchi, Well-posedness of the initial value problem for capillary-gravity waves, Funkcial. Ekvac. 44 (2001),
no. 2, 219–241. MR 1865389
22. Rafe H. Kinsey and Sijue Wu, A priori estimates for two-dimensional water waves with angled crests, Camb. J.
Math. 6 (2018), no. 2, 93–181. MR 3811234
23. David Lannes, Well-posedness of the water-waves equations, J. Amer. Math. Soc. 18 (2005), no. 3, 605–654.
MR 2138139
24. Hans Lindblad, Well-posedness for the motion of an incompressible liquid with free surface boundary, Ann. of
Math. (2) 162 (2005), no. 1, 109–194. MR 2178961
25. Mei Ming and Zhifei Zhang, Well-posedness of the water-wave problem with surface tension, J. Math. Pures
Appl. (9) 92 (2009), no. 5, 429–455. MR 2558419
26. V. I. Nalimov, The Cauchy-Poisson problem, Dinamika Splosˇn. Sredy (1974), no. Vyp. 18 Dinamika Zˇidkost. so
Svobod. Granicami, 104–210, 254. MR 0609882
27. Huy Quang Nguyen, A sharp Cauchy theory for the 2D gravity-capillary waves, Ann. Inst. H. Poincare´ Anal.
Non Line´aire 34 (2017), no. 7, 1793–1836. MR 3724757
28. Masao Ogawa and Atusi Tani, Free boundary problem for an incompressible ideal fluid with surface tension,
Math. Models Methods Appl. Sci. 12 (2002), no. 12, 1725–1740. MR 1946720
29. Ben Schweizer, On the three-dimensional Euler equations with a free boundary subject to surface tension, Ann.
Inst. H. Poincare´ Anal. Non Line´aire 22 (2005), no. 6, 753–781. MR 2172858
30. Shuanglin Shao and Hsi-Wei Shih, A remark on the two dimensional water wave problem with surface tension,
J. Differential Equations 266 (2019), no. 9, 5748–5771. MR 3912765
31. Jalal Shatah and Chongchun Zeng, Geometry and a priori estimates for free boundary problems of the Euler
equation, Comm. Pure Appl. Math. 61 (2008), no. 5, 698–744. MR 2388661
32. , Local well-posedness for fluid interface problems, Arch. Ration. Mech. Anal. 199 (2011), no. 2, 653–705.
MR 2763036
33. Sijue Wu, Well-posedness in Sobolev spaces of the full water wave problem in 2-D, Invent. Math. 130 (1997),
no. 1, 39–72. MR 1471885
34. , Well-posedness in Sobolev spaces of the full water wave problem in 3-D, J. Amer. Math. Soc. 12 (1999),
no. 2, 445–495. MR 1641609
35. , A blowup criteria and the existence of 2d gravity water waves with angled crests, Preprint (2015),
arXiv:1502.05342.
36. , Wellposedness of the 2D full water wave equation in a regime that allows for non-C1 interfaces, Invent.
Math. 217 (2019), no. 2, 241–375. MR 3987173
37. Hideaki Yosihara, Gravity waves on the free surface of an incompressible perfect fluid of finite depth, Publ. Res.
Inst. Math. Sci. 18 (1982), no. 1, 49–96. MR 660822
38. , Capillary-gravity waves for an incompressible ideal fluid, J. Math. Kyoto Univ. 23 (1983), no. 4, 649–694.
MR 728155
39. Ping Zhang and Zhifei Zhang, On the free boundary problem of three-dimensional incompressible Euler equations,
Comm. Pure Appl. Math. 61 (2008), no. 7, 877–940. MR 2410409
Department of Mathematics, University of Massachusetts Amherst, MA 01003
E-mail address: agrawal@math.umass.edu
